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is less than for the rest of the slurry.  The solids void fraction in the settled region is much greater than for 
the rest of the slurry and impedes fluid motion sufficiently to prevent replacement of the interstitial liquid 
by condensate mixing with the rest of the slurry.  We assume that it also impedes suspension of the solids 
in spite of strong mixing of the adjacent slurry.  We continue to assume that the volume ΔVL of liquid 
removed by filtration and volume ΔVC of condensate added are equal, simultaneous, and continuous. 

As noted above, the mass of soluble species removed during the concentration step is unaffected by 
settled solids, and this remains true even if part of the liquid is unmixed.  However, the unmixed region 
affects the mass balance over the liquid phase during the addition of condensate with removal of filtrate.  
The calculated mass of soluble species at the end of the wash process becomes 

 ( ) ( )unmixedC VVV
unmixedunmixedsettledend eCVVCVmm −Δ−−++= 00  (Eq. A.67) 

where C0 = Ceq if soluble solids are present in the waste.  Then the wash factor is 
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Denoting α = Vunmixed/V and β = Vsettled/V and rearranging, 
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 (Eq. A.69) 

If solids settle, the solids volume fraction of the settled region depends on the solids in the system, 
which can be matched between systems as an operational specification.  However, this model of the effect 
of non-ideal mixing introduces two additional parameters (α and β) that cannot be specified directly as 
operational parameters, but which instead are determined by hydrodynamic phenomena that depend on 
the size of the system, the velocities, and the properties of the materials being processed. 

If for some component 
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then the mass of soluble solids remaining after the wash process is  

 CeqSSend VCVm Δ−= 00φρ  (Eq. A.71) 
and the wash factor is 
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Note that this results even if the solids or the condensate are not distributed uniformly over the liquid, 
so long as locally λ < λmin = mS,0/CeqV.  Because the solubility Ceq tends to vary by orders of magnitude 
from component to component, likely either λ << λmin or λ >> λmin for a given component.  Thus, even if  
the solids mass concentration  dmS,0/dV locally differs from that averaged over the tank, mS,0/V, it is 
unlikely that locally λ ~ λmin, and hence no attempt is made here to quantify the effect of random, modest 
variations of the mass concentration to the wash factor of a specific component. 

A.2.2 Leach Factors 

Leaching is a chemical conversion of insoluble solids to a soluble form followed by separation of the 
dissolved soluble form from residual solids.  The first part is dewatering and washing:  concentration of 
the residual solids by removing saturated liquid and potentially addition of condensate to promote further 
dissolution of the converted solid form if not already completely dissolved.  The leach factors are the 
mass fraction of the initial mass of the target insoluble solid that is removed from the waste by filtration.  
This is determined by the fraction of the solid converted to the soluble form, the fraction of the soluble 
form dissolved, and the fraction of the dissolved soluble form removed as filtrate.  Consequently, leach 
factors are a combination of the chemical conversion and the wash factor for the dissolved form. 

A.2.2.1 Design Basis Leach Factors 

For the case of leaching of aluminum components, two chemical reactions occur:  conversion of 
Gibbsite by caustic to the dissolved form 

 ( ) ( ) ( ) ( ) ( )aqaqs OHAlOHOHAl −− =+ 43   (Eq. A.73) 

and conversion of Boehmite by caustic to the dissolved form 

 ( ) ( ) ( ) ( ) ( ) ( )aqaqaqs OHAlOHOHOHAlO −− =++ 42   (Eq. A.74) 

The reactions are reversible; both dissolution and precipitation can occur within process times. 

If leaching occurs at or near 100°C, the solubility of Gibbsite is great enough that the solids dissolve 
essentially completely.  The rate of dissolution is slow at room temperature but is very fast at the near 
boiling conditions of the PTF Al leaching process, and essentially the Gibbsite dissolves before the 
leaching temperature is reached and significant leaching of Boehmite begins. 

At the process conditions, the solubility of Boehmite is small enough that its dissolution is impeded 
by Al(OH)4

- in solution.  This includes that resulting from dissolution of Gibbsite as well as from 
Boehmite. 

The dissolution of Gibbsite is approximately instantaneous and affects the resulting aluminate in the 
liquid slows the dissolution of Boehmite, and the dissolution of Boehmite is controlled by the rate of the 
chemical reaction, which depends strongly on temperature and is impeded by accumulation of the 
dissolved form in solution. 
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For the case of leaching of chromium oxides, the reaction converts the oxides to very soluble forms 
and the reaction is essentially irreversible.  It is also very fast, and the rate is limited mainly by the rate of 
availability of permanganate to the suspended solids. 

Therefore, we can divide the leaching reactions into two categories:  fast (hot, caustic leaching of 
Gibbsite, oxidative leaching of chromium oxide), where the leach factor is limited by the wash factor, and 
slow (hot, caustic leaching of Boehmite), where the leach factor is limited by the chemical conversion.  
Washing is discussed above.  Here we discuss chemical conversion. 

Based on laboratory experiments and the literature, the form of the reaction of Boehmite is1 
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0  (Eq. A.75) 

where r is the reaction rate in terms of the rate of recession of the surface of the reacting particle (i.e., 
units of velocity), Ap is the area of the particle, Vp is the volume of the particle, r0(T) is a rate constant 
(length/time) that depends strongly on temperature, fR is a dimensionless function of the concentration in 
solution at the surface of the particle of the reagent OH-, fP is a dimensionless function of the concentra-
tion in solution at the surface of the particle of the reaction product Al(OH)4

-.  The area of the reacting 
particle is a function of the size, and the initial area and volume of the reacting particles vary by orders of 
magnitude over the particles and must be described by a particle size distribution function. 

As is shown in Section A.2.2.3, the particles of interest are small enough that the concentrations at the 
surface of the particle will not differ substantially from concentrations averaged locally over the liquid in 
which the particles are embedded.  Essentially, the resistance to mass transfer between this liquid and the 
surface of the particle is negligible.  Therefore, the reaction rate does not depend on the size of the 
particle for a given composition of the liquid phase, but the rate of loss of particle mass decreases as the 
particles shrink and ultimately disappear because the reaction area decreases as the particles decrease in 
size and number. 

Over the course of the reaction, the rate of loss of mass of reactive particles decreases for two 
reasons:  the reaction area decreases, and the concentration of reaction products increases in the liquid 
phase, which decreases the reaction rate as described by the empirical function fP.   

Define the chemical conversion X as 
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=  (Eq. A.76) 

where m is the remaining mass of reactive solid and m(0) is its initial value.  Then 
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1 Peterson RA, GJ Lumetta, BM Rapko, and AP Poloxki.  2006.  Modeling of Boehmite Leaching from Actual 
Hanford High-Level Waste Samples.  PNNL-SA-51705, Pacific Northwest National Laboratory, Richland, 
Washington. 
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where AS is the reactive area of the particles, which is a function of the particles sizes and the number of 
remaining particles, as is the mass of the particles, which can be expressed in terms of the conversion.  
Therefore, AS = AS(X).  Substituting, 
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Because r depends on fP, which depends on the concentration of the reaction product, which depends 
on the conversion and the local initial volume fraction of solids, r = r(X,φS0).  Specifically, the 
concentration CP of the reaction product is related to the conversion by 
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where υP is the mass of reaction product produced per mass of solid converted.  Actually, the liquid 
density depends on its composition, which is not constant.  But typically, the effect is small.  If the 
volume is constant, then integrating from the initial condition gives 

 ( ) XCXCC SSPPSPP 0000 ,, φρυφ +=  (Eq. A.79) 

Similarly, for the reagent concentration, 

 ( ) XCXCC SRRRSRR 0000 ,, φρυφ +=  (Eq. A.80) 
where 

 
S

R
R dm

dm
=υ and ρR is the density in the dissolved state of the reagent. 

However, live steam is injected into the slurry to maintain the leaching temperature, thereby diluting 
the slurry with condensate during leaching.  The rate of addition of condensate depends on the heat loss 
through the tank boundary, which occurs independently of the conversion.  Consequently, the concen-
trations of reagents and reaction products actually are functions of both conversion and time.  The 
analysis here proceeds as though the effect is, if not insignificant, at least not dramatic. 

Proceeding, define a dimensionless reaction rate and reaction area as 
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where 
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Substituting, 
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Integrating, 
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where  

 ( ) ( )( ) tmrA sSS 0,00ρτ =  (Eq. A.85) 

and the function FX(X) is determined by the functions ( )XA~ and ( )Xr~ .  Thus, the time to reach a specific 
conversion is 
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The ratio ρSAS(0)/mS,0 of initial reactive area to initial volume of reactive solid must be measured in 
the laboratory for a specific waste.  The initial rate r(0) is a function of temperature and the initial 
concentrations of caustic and Al(OH)4

-, where the function must be developed from laboratory 
measurements of the leach rate of Boehmite, and the initial concentrations must be determined from 
process measurements and a mass balance. 

Inverting the expression for ( )0, SX φτ , 
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Thus, 

 ( )( )00R0 ,,,, SPCCtTtXX φ=  (Eq. A.88) 

where t is time, T(t) is temperature as a function of time, CR0 and CP0 are the initial concentrations in the 
liquid of the reagent (OH-) and reaction product (Al(OH)4

-), and φS0 is the initial value of the volume 
fraction of reactive solids.  The functional form of X is as developed above, which includes the reaction 
rate model, which must be determined from laboratory data. 

As noted above, the reagent and reaction product concentrations change during leaching both due to 
changes in the dissolved masses due to the chemical conversion, and due to dilution by condensate from 
steam injected to overcome heat losses during leaching.  Consequently, the reaction rate is a function of 
both conversion and, independently, time, and we have 

 ( ) ( )[ ] ( ) ( )dttXrXArAdXm SSs ,~~000, ρ=  (Eq. A.89) 

which is the implicit differential equation: 
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Given specific test conditions for either the PEP or the PTF, the expression can be integrated to 
predict the conversion as a function of time, but it cannot be put in a close form:  the solution requires 
numerical integration of the differential equation.  The error in not doing this can be estimated by com-
pleting the calculation of the conversion assuming constant volume, calculating the ending concentrations 
of the reagent and reaction products, calculating the corresponding ending reaction rate, compute the 
diluted values of the ending concentrations and re-computing the ending reaction rate, and comparing.  If 
they are not nearly the same, the actual conversion can be estimated by solving the differential equation to 
find the design basis (uniform concentration) leach factors. 

A.2.2.2 Effect of Mass Transfer Resistance Around Reacting Particles 

The mass flux from the surface of a particle—i.e., the rate of mass loss per unit area, which is the 
reaction rate—is described by 
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where k is a kinetic constant, and fr and fp are functions describing the dependence of the mass flux on the 
concentration Cp,i of the product of the dissolution and the concentration Cr,i of the reactant at the 
particle/liquid interface, denoted by the subscript “i.”  If the interfacial concentrations equaled the bulk 
concentrations, we would have 
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 (Eq. A.92) 

where the subscript “b” denotes the value far from the particle. 

Expanding a Taylor series about this, 
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 (Eq. A.93) 

Where at steady state (relative to the relaxation time for the concentration profile around a microscopic 
particle), the concentration difference from the interface to the bulk is related between the product and the 
reactant by the equivalence of the reaction mass flux and the diffusion mass flux as follows. 
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 (Eq. A.94) 

where Cp,x and Cr,x describe the mass of product produced or mass of reactant consumed per volume of 
particle reacted.  Combining the linearized kinetic expression with the mass-transfer expression gives the 
concentration difference. 
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Substituting back into the mass-transfer expression gives the reaction flux relative to the value that 
would obtain in the absence of any mass-transfer resistance. 
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 (Eq. A.96) 

Hence, for α << 1, the reaction rate is not affected by the mass-transfer resistance. 

The above analysis requires knowledge of the chemical-reaction-rate expression for leaching.  
However, one can show mixing effects on mass transfer between waste particles, and the leach solution 
will not be important, based on mass-transfer and solubility arguments, as shown in the next section. 

A.2.2.3 Insignificance of Mass Transfer Resistance for Boehmite Dissolution 

One can evaluate the leach rate that would result if it were limited only by the mass-transfer resistance 
to determine if the resulting time constant for the conversion is consistent with measurements.  As shown 
below, the time constant is short enough that any mass-transfer effect will not be important to 
interpreting PEP leach data, irrespective of the leach rate occurring in the absence of the mass-
transfer resistance. 

The mass balance is 

 ( ) ( ) ( ) ( ) ebeCbeC CCCCCkmACCkmA
dt
dm

≈−=ΔΔ−=−−=  (Eq. A.97) 

whereas before we considered the case of no product accumulation in the solution around the particles.  
The mass-transfer coefficient is 
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Combining, 
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Invoking the particle size 
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which reduces to 

 ( ) ( ) eCp CkrA
dt
drrA −=ρ  (Eq. A.101) 

The process of separating, integrating, and rearranging gives the particle size vs time: 
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Then the total particle mass depends on time as 
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and the conversion is 
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We can estimate the order of magnitude of the concentration Ce by noting that the order of magnitude 
of the solubility of Al in concentrated caustic is 1 molar (i.e., in the range 0.1 molar to 10 molar).  
Assuming this and evaluating, approximately,  
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Then the dissolution time constant t0 is 
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This compares to the dissolution time on the order of hours to days.  Therefore, consistent with the 
evaluation of α, the leach rate is orders-of-magnitude too small to be mass-transfer limited.  The 
comparison of seconds to hours or days justifies the order-or-magnitude argument used in the 
approximate analysis.  Further, although the above analysis is for the dissolution of Boehmite, the same 
order-of-magnitude will result for the oxidation of chromium species; where the reaction is essentially 
irreversible, the concentrations involved are not orders-of-magnitude different than for Boehmite 
dissolution, and the leach times are not orders-of-magnitude shorter. 

Alternatively, we find that the effective particle size for which the mass transfer time constant 
approaches the observed leaching time constant would be r0(X1/2), where X is the ratio of leaching time 
constant to the mass transfer time constant.  The value of X is on the order of hours to seconds—i.e., 
3600.  Then the required particle size would be roughly 60 times greater in radius, or 216,000 time greater 
in volume, than observed.  This might occur if primary particles form flocks, but the flocks would need to 
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be very large.  In that case, the nature of the slurry could be profoundly different from that being 
attempted for Phase I testing, an alternative assumption that is beyond the stated scope of this report. 

The significance of the short characteristic time constant for diffusion-limited leaching obtains 
independence for the actual leach rate from mass transfer for the following reason.  If the leach duration is 
long compared to the diffusion-limited time constant, then mass-transfer effects are unimportant and 
hence mixing at the scale of a particle is unimportant.  If the leach duration is comparable to or shorter 
than the diffusion-limited time constant, then the effect of mass transfer does affect the leach rate, but 
determining the leach rate is not important to meeting WTP objectives because the conversion would 
occur far too fast for the rate to be measured—in the PEP or the WTP, the conversion would appear to be 
instantaneous.  Therefore, in any event, the magnitude of the diffusion-limited time constant signifies 
that mass-transfer effects on leaching cannot be important to interpreting leach data from the PEP. 

A.2.2.4 Effect of Stochastic Non-Uniformity 

There are two important sources of uncertainty in predicting leach factors:  knowing the true values of 
the parameters, and knowing the spatial uniformity of the parameters.  The first uncertainty results from 
measurement uncertainty:  inferring the true value through a mass balance based on imperfect measure-
ments.  Probably the most important measurement error will be of temperature because the effect of 
temperature is great.  The measurement error also depends on uniformity, as discussed further below. 

The second uncertainty results from imperfect physical uniformity:  having to assume spatial 
uniformity in the true values when actually there are variations.  Both kinds of uncertainty cause an error 
in predicting the conversion and hence in predicting the leach factor.  Here we consider the effect of 
spatial uniformity. 

The associated error may or may not be important compared to the measurement error; that cannot be 
determined except from analyzing physical samples obtained over multiple locations in tanks in the PEP.  
The following analysis of the effect of spatial uniformity will help determine the significance of the 
spatial variability we are trying to measure through sampling. 

The mass of remaining reacted solids at time t in some differential mass fraction dm(0) of the initially 
unreacted solids is 

 ( ) ( )( ) ( )0,1 dmtXtdm iξ−=  (Eq. A.107) 

where the set ξi is the parameters T, COH-, CAlO2-, φS0 on which the conversion depends, evaluated in the 
mass element.  Integrating over the total mass, 
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Assume that over the volume elements there is some distribution of these parameters about their 
values averaged over the total slurry volume.  We can approximate this using a Taylor series as 
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where we have assumed no correlation between the variations of parameters about their means.  
Substituting, 
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Rearranging, 
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The first integral is the initial mass, and by the definition of the variation in the parameters, the 
second integral is zero.  Then 
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The average conversion is 
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Rearranging, the departure of the average conversion from the conversion that would occur if the 
parameters occurred uniformly at their average values is 
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The integrals over the second variations (δξi)2 are inherently positive.  Hence, the effect of the 
variations on the average conversion depends on both the magnitude of the variations and the sign of the 
second derivatives Θi of the conversion X relative to the parameters ξi.   

We assume that: 

• a sufficiently uniform concentration of the reagent can be established before significant leaching 
occurs and that its second variation is small 
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• sufficient reagent is added that its concentration is not affected much (e.g., probably <10%) by the 
conversion 

• the Gibbsite dissolves fast enough that there will be time for the resulting Al(OH)4
- to be distributed 

sufficiently uniformly that also its second variation is small. 

The remaining key variations are of temperature and the initial solids volume fraction.  The tempera-
ture might remain non-uniform due to imperfect mixing while the heat lost due to sparging and at the 
sides of the tank is replaced by steam injection.  The solids volume fraction might remain non-uniform if 
some of the solids settle or they are held in a non-uniform vertical distribution by continuous competition 
between upward pulses and settling. 

The effect of temperature on chemical reactions is usually important.  It is often described in terms of 
the Ahrrenius representation of the reaction rate constant.  That is, 
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and hence, ΘT is positive for (E/RT) > 2.  The caustic leaching occurs at roughly 100°C; then ΘT > 0 for 
E > 6.2 kJ/mol, which is in fact found for the temperature dependence of leaching the Boehmite.  
Therefore, ΘT is positive. 

The development for Θφ is more involved, as follows. 
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Differentiate again to get 
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Solve for Xφ: 
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Solve for Xφφ: 
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Combine: 
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Expand the derivatives 
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Substitute: 
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Expand the derivatives again 
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Expand again: 
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 (Eq. A.125) 

Differentiate again: 
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For Boehmite, the function fP is (CP/Cp,eq)2 where CP,eq is the equilibrium concentration of reaction 
product for the reversible reaction, which is a function of both reagent concentration and temperature.  
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For a given temperature and assuming the initial reagent concentration is great enough that the reagent 
concentration is approximately constant over the course of the reaction, then approximately CP,eq is 
constant.  Then 
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Substitute 

 ( )
( ) X

C
C

r
rXr

SP
eqP

P

S

S ρυ
φ
φ

2
,

0

0

0 2
0

,~
−=

∂
∂  (Eq. A.128) 

Differentiate again 
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Substitute 
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Differentiate again: 
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Therefore 
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Thus, the signs of the terms forming Xφφ are 

 ( ) ( )
∫∫∫∫

>
−<=

−
−=

XXXX
dX

f
fdX

f
f

dX
f

fff
fdX

f
f

fX
0 30 20 3

2

0 2
002

2
2 φφφφφ

φφφ  (Eq. A.133) 



 

A.35 

Therefore, 

 0<=Θ φφφ X  (Eq. A.134) 

In summary, ΘT is positive, and Θφ is negative.  Therefore, for a given average temperature, the 
effect of a non-uniform temperature is to cause a conversion that is greater than for a uniform 
temperature.  Conversely, for a given average initial volume fraction of reactive solids, the effect of a 
non-uniform initial distribution of the volume fraction is to cause a conversion that is lesser than for a 
uniform solids volume fraction.  That is, these are corrections that must be made to the conversion 
predicted based on the average temperature and average solids volume fractions, which are subject to 
measurement error.   

A.2.2.5 Similitude in Chemical Conversion 

During operation of the PTF, the average solids volume fraction will be calculated from mass 
balances.  We presume there will be no correlation between the error in this estimate and any spatial non-
uniformity in the solids volume fraction.  On the other hand, the temperature will be measured at a single 
location and inferred to be the average temperature.  Clearly, if the temperature is significantly non-
uniform, the single-point measurement can be in error both due to measurement error per se and because 
it happens to be taken at a location with a significant spatial variation from the true average temperature.  
Thus, we can expect that non-uniformity in the temperature can cause both measurement error and error 
in the mass balance calculation of the conversion, thus increasing the important of characterizing any non-
uniformity of the temperature in the PEP and predicting from that the degree of uniformity expected in 
the PTF. 

To establish similitude in the chemical conversion between the PEP and the PTF, we need to match at 
the start of the caustic leach process the 

• volume fraction of the reactive solid 
• particle size distribution of the reactive solid 
• concentration of hydroxide 
• concentration of “aluminate”  

and create the same temperature-time sequence. 

Then we establish similitude from which we would expect the conversion to develop with time in the 
PEP as in the PTF. 

From the analysis above, we also require a uniform spatial distribution in either system of the 
parameters being matched between the systems.  We cannot predict the required degree of uniformity 
until we examine and interpret PEP data, taking into account the significant uncertainty in the chemical 
reaction rate parameters determined in the laboratory. 

A.2.3 Filtration 

As discussed in Section 3.7, the filtration rate is affected both by the accumulation over time of fines 
in the filter media and the accumulation over time of any filter cake on the filter media.  Because the PEP 
will include full-scale, prototype filters operated with the prototype trans-membrane pressure and 
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prototype cross-flow velocity, the remaining issue is similitude in time related to the fine and coarse 
solids in the filter feed.  These properties change with time through a mass balance over the filter feed 
tank and filter.  The mass balance is affected by the uniformity of solids over the volume of the feed tank.  
Treating the uniformity separately, first assume a uniform concentration in the feed tank.  

The following equations are based on the assumption that, for the purpose of the report, solids can be 
divided into a portion too fine to be rejected by the filter media, defined as “fines,” and the rest, defined 
as “coarse.”  Then the fines follow the liquid into the filter media, while coarse solids either are stripped 
by the cross flow or overwhelm the cross flow and add to the filter cake.  Then some can be stripped off 
the cake as well.  The concentration of fines (as defined) is assumed to be too small to impact the filter 
cake compared to coarse solids. 

The resulting mass balance over the tank and the filter of fine (subscript “-”) solids is 
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 (Eq. A.135) 

where VS is the volume of slurry in the filter feed tank, C- is the mass concentration of fine solids in the 
slurry, t is time, AF is the area of the filter media, uF is the filter flux expressed as the superficial velocity 
of filtrate through the filter media, δ- is the thickness of fines accumulated in the filter media, and CF- is 
the superficial concentration of the fines caught in the filter media.  The mass balance over the tank and 
filter of coarse (subscript “+”) solids is 
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where C+ is the mass concentration of coarse solids in the slurry, CF+ is the concentration of coarse solids 
in filter cake, εX is the fraction of solids approaching the filter that are caught by the filter cake (decreases 
with cross-flow velocity), XV& is the rate (volume/area/time) of removal of filter cake by the cross-flow 
(increases with cross-flow velocity), δ+ is the thickness of the filter cake, and H(δ+) is zero if δ+ is zero 
and unity if it is positive.  Finally, a mass balance of the liquid phase of the slurry over the tank and filter 
is 
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−=   (Eq. A.137) 

where CL is the mass concentration of the liquid phase.  The filter flux is diminished both by 
accumulation of fines in the filter media and accumulation of filter cake on the media.  Therefore, 

 ( )+−= δδ ,FF uu    (Eq. A.138) 
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Define the following dimensionless variables. 
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Substituting into the mass balances, 
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These comprise five transient mass balances (differential equations) in the five dependent functions of 
τ, C-, C+, CL, δ-, and δ+.  Initially δ- = 0 and δ+ = 0 and the initial concentrations are known.  A unique 
solution to the equations follows from these initial conditions.  The equations include the parameters 
(AL/VS0)CF-, (AL/VS0)CF+, and εX.  Therefore, these equations have solutions for the concentrations of the 
form C-,+,L = f( τ; (AL/VS0)CF-, (AL/VS0)CF+, εX ) and for the depths of the form 

 δ-,+ = f(τ;(AL/VS0)C-,(AL/VS0)CF+, εX ) (Eq. A.142) 

Therefore, the functional dependence of the filter flux is 

 ( ) ( )( )XSFSFF CVACVAfu ετ ,,;~
00 +−=  (Eq. A.143) 

The solids being filtered determine the values CF-, CF+, and εX.  Therefore, for the same solids, by 
matching the ratio of filter area to initial solids volume AF/VS0 between the PEP and the PTF we should 
find the same change in the filtration rate if expressed in terms of the dimensionless time  

 τ = (AFuF0/VS0) t  (Eq. A.144) 

And, given the same solids, the ratio of filter area to solids volume is matched by matching the ratio 
of filter area to initial solids mass—the two specifications are interchangeable. 

Thus, dimensionless transient mass balances describing the key phenomena affecting the filtration 
rate show similitude is established by the following. 

• Between the PEP and the PTF, match the properties of the solids being filtered 
• Between the PEP and the PTF, match the ratio of filter area to initial mass of solids being filtered 
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The resulting filter flux compared to that for a clean filter measured in the PEP will decrease as the 
same function of dimensionless time as in the PTF.  By using the same filter media and matching the 
filter area to the initial solids mass, then the ratio of dimensionless times will be the ratio of actual time.  
Then the resulting filter flux compared to that for a clean filter measured in the PEP will decrease as the 
same function of time as in the PTF. 

If similitude is established as described above, the filter flux measured in the PEP is a prediction of 
that expected in the PTF at the same times elapsed after establishing a clean filter. 

A.3 Non-Uniform Concentrations in Tanks 

Because the wash and leach factors are predicted from mass balances combined with laboratory 
measurements and process measurements, and because the mass balances are predicated on a uniform 
concentration and temperature in tanks, the principal concerns about predicting the wash and leach factors 
are about the uniformity of concentrations and temperatures in the main UFP tanks.  The concern about 
predicting the filtration rate is due to concerns about ability to predict performance full scale from 
measurements at a smaller scale because of concerns about adequate understanding of the interrelated 
phenomena controlling the filtration rate. 

Mixing in the slurry and settling of solids from the slurry, mixed or not, potentially affect the 
uniformity of characteristics that control the washing process, leaching processes, and the filter feed.  
Mixing is induced primarily by PJM, often augmented by the circulation through the filter loop and the 
tank connected to it.  Mixing consists of turbulent transport throughout the volume of the slurry of 
momentum injected at the pulse jet nozzles, the circulation return nozzle, or by rising bubbles from an air 
sparger.  Dispersion is impeded by viscous dissipation of momentum to heat occurring mainly in small 
eddies in turbulent flow.   

Because pulse jet mixing is crucial to many operations in the PTF, the EFRT singled out PJM 
operation as worthy of a separate study; this issue is denoted M3.  The WTP developed an issue response 
plan for M3 in which pulse jet mixing experiments in both Newtonian and non-Newtonian slurries are 
designed based on principles of similitude and being characterized and correlated.  These results are being 
obtained in parallel with the writing of this report.  Eventually, this report can be revised to use 
engineering correlations developed by the WTP to replace the approximate relationships provided herein 
based on dimensional analysis of experiments that are related to PTF processes but were not established 
for the sake of similitude. 

Below we consider two conceptual departures from ideal mixing:  settling of solids and unmixed fluid 
regions.  The first concept is a result of mixing being locally insufficient to overcome particle settling.  
The second concept is a result of mixing being locally insufficient to overcome phenomena impeding 
fluid motion such as viscous stress or a yield stress. 

A.3.1 Combined Settling and Turbulent Dispersion 

Newtonian slurry being agitated by PJM is beyond straightforward computation.  The best we can do 
is to interpret related experimental studies using principles of dimensional analysis to relate the studies to 
the PTF, as follows. 
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A.3.1.1 Particle Settling 

Begin with the physics of settling for a single particle.  As a particle moves through the fluid in which 
it is embedded, it experiences a force related to the velocity of the particle relative to the fluid.  The 
relationship can be described as a dimensionless “drag coefficient” CD, which is defined by 

 ( )2
2
1

SLD uACF ρ=  (Eq. A.145) 

where F is the magnitude of the force caused by the relative velocity uS, and A is the cross-sectional area 
of the particle in a plane perpendicular to the relative velocity.  Dimensional analysis shows that CD is a 
function of the Reynolds number based on the relative velocity and the particle diameter, Rep.  For 
sufficiently small Rep, the CD is inversely proportional to Rep; for sufficiently large Rep, CD is independent 
of Rep.  The gravitational force acting on the particle is 

 ( )VgF LS ρρ −=  (Eq. A.146) 

where V is the volume of the particle.  At the settling velocity of the particle these forces balance; hence 
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For a sphere, 2V/A = Dp/3.  Then, 
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Rearranging, we define a function FRe(Rep) as 
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Inverting, 
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Then the settling velocity is 
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For sufficiently small particles, the settling velocity is as is discussed in Section A.4.3.3. 
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A.3.1.2 Dispersion 

The settling velocity is downward and relative to the fluid motion.  Hence, relative to the system 
containing the fluid, the velocity is 

 gSp u euu +=  (Eq. A.152) 

where up is the particle local velocity, u is the fluid local velocity, and eg is direction of the acceleration of 
gravity.  The mass flux of particles averaged over some horizontal plane is 

 gSSSgSSpS uu eueuu φρφρφφρφρ +=+= &  (Eq. A.153) 

where φ is the volume fraction of the particles and signifies averaging over time and horizontal area.  
For turbulent flow, the direction and magnitude of the fluid velocity u is nearly random in time and 
position; hence the component of the mass flux due to the fluid motion can be treated as a diffusive 
phenomenon characterized by a dispersion coefficient Du: 

 gSSuSpS u
dz

d
D eu φρ

φ
ρφρ +=&  (Eq. A.154) 

Assuming the vertical distribution of particles attains a steady state, then the mass flux is zero at 
every vertical location; that is, 
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Rearranging, 
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Thus, scaled to the size of the system, the degree of non-uniformity of the solids volume fraction over 
the height of the fluid depends on the dimensionless group uSL0/Du, which has the form of a Reynolds 
number. 

A.3.1.3 Dispersion Coefficient 

It remains to determine how Du depends on the size and characteristic velocity in a system.  For fully 
turbulent mixing, we can assume mixing does not depend significantly on viscosity.  Likely independent 
parameters are the same set considered in the previous section on suspension of solids by a submerged jet:  
L0, u0, ρL, ρS, Cw, Dp, and geometric ratios in the tank and contents.   
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From dimensional analysis,  

 ( )( )000 ,, LDCgLuD pwLLSDu ρρρ −∝  (Eq. A.157) 

where gD is a dimensionless function of material properties, and hence, for a given material, we can treat 
the function as a constant:  gD.  Then 

 DSuS guuDLu 00 ∝  (Eq. A.158) 

One obtains the same result by starting with a dimensional analysis of the system parameters if we 
include uS directly as a parameter, e.g., in place of Dp. 

Alternatively, one could attempt a more mechanistic estimate of Du based on 

 mixmixu tLD 2~  (Eq. A.159) 

where Lmix and tmix are local characteristic mixing distances and mixing times.  If we envision the mixing 
to result from disruption and dissipation of a submerged jet as discussed in Section A.4.3.5, we have 

 ( ) ( )zuzDtmix ~  (Eq. A.160) 

where D(z) is the nominal jet diameter and u(z) is the nominal jet velocity, each a function of distance 
along the jet from its origin.  Taking Lmix = D(z), then 

 ( ) ( ) ( )( ) ( ) ( )zuzDzuzDzDDu =2~  (Eq. A.161) 

For a submerged jet, we have 

 ( ) ( )22
4

2
000 zuzDuAJ πρρ ==  (Eq. A.162) 

where J0 is the momentum flow in the jet at its origin.  Then 

 πρ04~ JDu  (Eq. A.163) 

That is, for the underlying assumption that the jet momentum flow is conserved, which at best is true 
only if the fluid is Newtonian, we expect the dispersion coefficient not to vary substantially along the 
length of a jet.  Since 

 2
0

2
00 LuJ ∝  (Eq. A.164) 

again we find 

 00LuDu ∝  (Eq. A.165) 

again corresponding to 

 DSuS guuDLu 00 ∝  (Eq. A.166) 
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Then we have 
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However, the actual situation is that multiple jets originate downward arrayed circumferentially near 
the floor of the tank, are turned upward by the tank walls, and proceed upward and bounded by the static 
tank wall and the pulse jet tanks, thereby dissipating the jet momentum flow by shear forces at the static 
boundaries.  Hence, an alternative approach is to recognize that actually the momentum flow J decreases 
with distance along the upward course of the jets; a plausible dimensional approach is to assume 

 ( ) ( )( )hzJzJ −= 10  (Eq. A.168) 

where h is the height of the mixed region (see Section A.4.3.5 about potential constraints on h).  Then 

 ( )( ) ( ) ( )20 1 zuzAhzJ ρ=−  (Eq. A.169) 

Because the flow cross-section is constrained by the total horizontal area, then in that region 

 ( ) 2
0LzA ∝  (Eq. A.170) 

Combining, 

 ( ) ( )( ) ( )22
0

2
00 1 zuLhzuAzJ ρρ ∝−∝  (Eq. A.171) 

and hence 

 ( ) ( )hzuzu −∝ 10  (Eq. A.172) 

At the same time, the characteristic dispersion length is constrained to some multiple (given 
geometric similarity) of L0 instead of the jet diameter that would obtain for a transversely unconstrained 
jet.  Then the characteristic mixing time is 

 ( )hzuLtmix −∝ 100  (Eq. A.173) 

and hence the dispersion coefficient is 

 ( )( ) ( )hzuLhzuLLDu −=−∝ 11 0000
2
0  (Eq. A.174) 

Returning to the vertical mass balance, 
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If, as is suggested by the analysis of Section A.4.3.5, similitude can be established such that the ratio 
h/L0 is preserved between systems.  Assuming this, either because h is set directly by process control or 
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by creating similar mixing caverns, if caverns exist, then again the uniformity of the average solids 
volume fraction depends on the ratio uS/u0, which for a given material (given uS), depends on u0.   

A.3.1.4 Significance 

From this analysis, we conclude that the solids distribution over the height of the turbulent fluid is 
uniform for sufficiently small values of uS/u0, which is intuitive.  Further, we conclude that two systems 
will have the same degree of uniformity of the solids volume fraction—in the sense of the same shape of 
the volume fraction profile—if we match the ratio of settling velocity to the imposed characteristic 
velocity.  We have shown above that, intuitively, the settling velocity depends only on the particle and 
fluid properties.  Therefore, for two systems containing the same materials, the degree of uniformity in 
the solids volume fraction will be matched if the characteristic imposed velocity u0 is matched. 

However, the analysis includes the steady state condition that there is no mass flux at any vertical 
location and hence none at the flow of the tank, and hence, inherently that there is no accumulation of 
solids on the floor.  Therefore, this analysis applies only to the question of uniformity above the tank 
floor, but not settling.  The conditions required to avert settling are described in the example above of 
dimensional analysis and the correlation for the solids mass fraction that can be suspended without 
settling by a submerged jet mixing a slurry in a tank. 

A.3.2 Suspension of Settled Particles 

A.3.2.1 Dimensional Analysis of Settling 

This analysis is a specific application of the general principles of dimensional analysis presented in 
Section A.1.5.  Consider the example of a submerged jet suspending solid particles in nominally a 
Newtonian fluid but where interactions among particles causes an apparent stress-strain relationship that 
is not linear in the rate of strain tensor; that is, the fluid can be non-Newtonian but the form or descriptive 
parameters for the resulting stress-strain relationship are not known.  The experimental parameters now 
include the density of both the liquid and solid (particle) phases, the viscosity of the pure liquid, and the 
acceleration of gravity. 

Note that we circumvented this last parameter in the analysis of the conservation of momentum by 
reducing the pressure gradient to that of the pressure relative to the hydrostatic pressure.  This is 
acceptable if none of the boundary conditions are in terms of pressure, such as occurs at a boundary 
between phases of differing density, as we now have due to the particles.  Therefore, we must include g as 
a parameter.   

Further, we have more than one velocity to consider.  The velocity of the fluid remains as a dependent 
variable, but each particle has a velocity.  Considering particle individually is intractable, but we can 
define a volume-averaged velocity of particles relative to the volume-averaged fluid velocity, and, of 
course, for turbulent flow we include time in the averaging.   

Further, because the distribution of the particles is not necessarily uniform, we have either the 
volume- and time-averaged solids volume fraction or particles or the volume- and time-averaged bulk 
density of the fluid and particles combined as a dependent variable. 



 

A.44 

Combining, we have 

 ( )SpSLu mgLuDt ,,,,,,,,, 00ρρμxfu =  (Eq. A.176) 

 ( )SpSLpp mgLuDt ,,,,,,,, 00ρρμxfu =  

 ( )SpSLww mgLuDtfC ,,,,,,,,, 00ρρμx=  

where up is the local average velocity of particles relative to the fluid, Cw is the local average mass 
fraction of particles in the fluid, ρS is the density of the particles, Dp is the diameter of the particles, mS is 
the mass of solids in the system, and fu, fp, and fw are dimensional functions (vectors, for the velocities) of 
the arguments shown. 

Applying dimensional analysis as discussed in Section A.1.5, we obtain 

 ( ) ( ) ( ) ( )( )3
00

2
000 ,,,Re,,~,~ LmgLuLDtu LSpLSu ρρρxgu =  (Eq. A.177) 

where gu is the dimensionless vector function corresponding to fu.  The effect of the particles on the 
stress-strain relationship will depend on the volume fraction of particles, which depends on the mass 
fraction though the particle density.  Hence, we need to retain the dimensionless group ( )LSL ρρρ − as a 
separate parameter.  Considering the conservation of momentum separately for a single particle, we can 
further deduce that the form will be 

 ( )( ) ( )( )3
0

2
00 ,Re,,~,~ LmgDutu LSpLSL ρρρρ −= xgu  (Eq. A.178) 

where Dp is the diameter of the particles.  On the other hand, considering the effect of density differences 
over the full system, we expect the form to be  

 ( )( ) ( )( )3
00

2
00 ,Re,,~,~ LmgLutu LSLSL ρρρρ −= xgu  (Eq. A.179) 

Because both effects are potentially important, then we need to adopt the form 

 ( )( ) ( )( ) ( ) ( )( )3
000

2
00 ,,,Re,,~,~ LmLDgLutu LSpLSLLSL ρρρρρρρ −−= xgu  (Eq. A.180) 

where ( )( )0
2
0 gLu LSL ρρρ − is the densimetric Froude number, denoted Fr.  The dimensionless group 

( )3
0Lm LS ρ is the characteristic mass fraction of particles for the system.  This can be alternatively 

expressed in terms of the solids volume fraction or the characteristic mass fraction of solids in the liquid.  
If we choose the last of these and denote it as Cw0, then we have 

 ( )( )0,,,,~,~~
wLSLu CFrRet ρρρ −= xgu  (Eq. A.181) 

 ( )( )00 ,,,,~,~~
wLSLppp CFrRetgu ρρρ −== xuu  (Eq. A.182) 

 ( )( )00 ,,,,~,~~
wLSLwwww CFrRetgCCC ρρρ −== x  (Eq. A.183) 
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Assuming we identified all pertinent physical variables and parameters, we expect the above 
dimensionless expressions to describe the behavior of a given system of a given geometry.  The length 
scale and time scale of a system are reflected in the parameters L0 and L0/u0, but to apply expressions 
such as these to systems of differing shape we must also characterize the shape though appropriate 
parameters.  To do this comprehensively and generally is intractable, but for a given geometric class of 
systems only a few parameters are needed.   

Consider the case of suspending solid particles in fluid in a circular tank of diameter DT with a deep, 
submerged jet with orifice of diameter DJ and orifice velocity uJ.  Including these in the dimensional 
analysis gives the same result except the dimensionless dependent variables are functions also of the 
dimensionless geometric parameters DT/L0 and DJ/L0.  However, we are free to choose L0 = DT, reducing 
the number of additional parameters to one:  DJ /DT.  The dimensionless material property parameter 
Dp/L0 becomes Dp/DT. 

If our objective is to correlate the ability of a system to keep the solids suspended, we are not 
interested in the velocity distributions over the tank except as ultimately they determine the suspension of 
the solids, and are not interested in the variation of the solids mass fraction over the tank if we assume we 
are characterizing conditions where this is essentially uniform, and hence Cw0=Cw,max where Cw,max is the 
maximum solids mass fraction that can be suspended at the prescribed values of Re, Fr, and the geometric 
and material parameters.  Thus, our objective is information in the form 

 ( )max,
0

max, ,,,,1 wTpTJw
w

w CDDDDFrReg
C

C
==  (Eq. A.184) 

Since Cw stands as a dimensionless argument, we can invert the dimensionless expression gw = 1 to 
get 

 ( )( )TpTJLLSww DDDDFrRegC ,,,,max, ρρρ −=  (Eq. A.185) 

This describes the functional dependence—how variables and parameters are constrained as groups to 
depend on each other and hence how certain descriptions of behavior scale with length and time.  That 
much we obtained above from dimensional analysis alone.  But, the functional form of gw must be 
determined from experiments because the fundamental conservation equations are intractable, considering 
both the existence of particles and for turbulent flow.  Of course, the functional form can be determined 
only to the extent that experiments “explore” the domain of the variables on which it depends.  
Realistically, only certain key aspects of the dependence could be determined from the relatively few 
variations of test parameters practical when operating the PEP during Phase I testing, which involves a 
single simulated waste. 

A.3.2.2 Example Dimensional Analysis of Empirical Information – Jet Suspension of Solids 

Data from experiments on suspending solids of density ρS, diameter Dp, and average mass fraction 
Cw0 from the bottom of a tank of diameter DT by a jet with initial velocity u0 from an orifice of diameter 
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DJ in a liquid of density ρL and viscosity μ have been correlated1 in the form of the minimum velocity umin 
required to just suspend the solids particles as 
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Rearranging, 
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Solving for the mass fraction suspended, 

 ( )( ) 75.167.0
42.05.3

92.6
0 Re0557.0 Fr

D
D

D
DC J

T

p

T

J
LLSw

−
−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−= ρρρ  (Eq. A.188) 

where ReJ is the Reynolds number at the jet orifice:  νJJ Du0Re = .  That is, the characteristic velocity is 
the jet velocity.  Then the correlation describes the minimum jet velocity that will suspend solids at the 
prescribed mass fraction.  Therefore, also it is an expression for the maximum solids mass fraction that 
can be suspended at a prescribed jet velocity. 

Thus, as expected from dimensional analysis, this correlation is of the form 

 ( )( )TpTJwLSLww DDDDCFrRetgC ,,,,,,~,~
0max, ρρρ −= x  (Eq. A.189) 

But more importantly, the correlation obtained from a certain class of experiments includes the 
functional form, not just the functional dependence, for this class.  Specifically, experimentalists found 
the maximum solids mass fraction depends very strongly on the particle density, both and as a separate 
parameter and as it affects the densimetric Froude number, which is 

 ( ) TLS
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gD
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ρρ

ρ
−

=
2

 (Eq. A.190) 

Note that if we vary the jet velocity and the size DT of the system while maintaining geometric 
similitude—i.e., while maintaining DJ/DT—and using the same particles—i.e., maintaining Dp but not 
Dp/DT—we have 

 JTw0 uDC 16.0∝  (Eq. A.191) 

                                                      
1 Handbook of Industrial Mixing.  2004.  Paul E, V Atiemo-Obeng, and S Kresta (Eds.), Section 10-3.4, ”Suspension 
of Solids in Liquid-Jet Stirred Vessels,” Wiley-Interscience, Hoboken, New Jersey. 
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Therefore, for two geometrically similar systems to suspend the same mass fraction of the same 
solids, we must have 
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That is, the velocity scales as size-1/6 (-0.15 to the nearest inverse integer power) to suspend a 
specified solids mass fraction.  Our best guess is that a similar relationship will describe the effect of 
pulse jet orifice velocities on suspending solids in UFP tanks of differing size scale. 

An analogous analysis of the Zwietering Correlation1, describing the suspension of particles by 
rotating blade mixers, leads to essentially the identical (-0.16 instead of -0.15) relationship:  to suspend a 
specified solids mass fraction, the velocity scales as size-1/6, where the velocity is that of the blade tip. 

A.3.3 Density-Driven Resistance to Mixing 

Even if the settling velocity of particles is modest, it is possible for “clouds” of settling particles to 
form when suspended by a PJM pulse and then to descend very fast, resulting in little upward penetration 
of the cloud into the tank volume.  This is a transient phenomenon; possibly correlations from steady-state 
tests cannot be applied even to approximate the effect. 

Hence, it is worth considering how this effect “scales” with size and adjustable test parameters.  
There are three kinds of hydrodynamic processes to consider:  1) those suspending the solids from the 
bottom, 2) those affecting the rise and fall of the resulting solids cloud, and 3) those affecting the vertical 
uniformity of solids in a cloud.  Apparently, within clouds the solids concentration has been uniform yet 
the cloud itself fails to mix with the surrounding liquid.  The flow organization apparent in both the pulse-
driven and gravity-driven flow durations suggests considering the pulse and gravitational work dominate 
the flow.  To consider this, turbulent dissipation of energy should be ignored.   

A.3.3.1 Analysis 

Figure A.5 depicts a simple conceptual model.  On the left is the hypothetical start of a PJM cycle, 
where solids are concentrated toward the bottom of a tank.  On the right is the hypothetical situation at 
some point in the cycle where the solids have reached their maximum height and are about to descend due 
to bulk density differences under the effect of gravity (technically, a Taylor instability).  Note the solids 
are not distributed horizontally uniformly.  They rise toward the center in the test tank (which does not 
have the center volume excluded by a PJM support), displaying a uniform concentration within, and fall 
en masse with little mixing with surrounding liquid. 

                                                      
1  Handbook of Industrial Mixing.  2004.  Paul E, V Atiemo-Obeng, and S Kresta (Eds.), Section 10-3.1, ”Just-
Suspended Speed in Stirred Tanks,” Wiley-Interscience, Hoboken, New Jersey. 
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Figure A.5.  Basic Elements of Density-Driven Transient Cycle 

The cycle is a follows.  Mass m of solids initially resides near the bottom, then a pulse jet distributes 
the mass over a higher average elevation.  The change in average elevation is γL, where L is the liquid 
height, taken to be the characteristic length of the system.  Assume this change is repeated every PJM 
cycle.  The work done in lifting the solids per cycle is 

 LgVW S γρΔ=  (Eq. A.193) 

where VS is the volume of solids and LS ρρρ −=Δ .  The work done by the pulse jet per cycle is the 
product (power)(time/cycle).  The time per cycle is the drive time.  The power due to the jet while it is 
driven is 

 223

4
LuP JL απρ=  (Eq. A.194) 

where uJ is the pulse jet nozzle velocity and α is the ratio of the jet diameter to L.  The ratio of the work 
done by the jet during a PJM cycle and the work done to lift the solids, in terms of γ, is 
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=  (Eq. A.195) 

where tD is the drive time of the jet.  The volume of the solids is 

 3LVV SSS κφφ ==  (Eq. A.196) 

where φS is the superficial solids volume fraction and κ is a geometric factor describing the tank.  
Combining, 

 2

32

4 Lg
tu DJ

S

L

γκφρ
παρθ

Δ
=  (Eq. A.197) 

L 

γL 



 

A.49 

A.3.3.2 Significance 

If we match the nozzle velocity between the PEP and PTF and reduce the drive time by the length 
scale ratio, then 
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That is, the ratio of work done by the pulse jet in a cycle to the work required to lift the same solids in 
the same liquid to the same relative height γ (ideally close to unity) is 4.5 greater in the current default 
PEP test than in the PTF.  Thus, such tests would be non-conservative if cloud height is an issue.  To 
represent the ability to raise the solids and thereby enable mixing nominally would require matching 

23 Ltu DJ between systems.  Increasing uJ or tD, holding the other constant, probably would increase γ, 
tending to confound the “scale” relationship.  Nevertheless, an energy balance points toward conditions to 
consider when interpreting PEP performance in terms cloud height.  Specifically, the drive time is 
proportional to the volume displaced divided by the PJM volumetric flow rate, which is proportional to 
the product of the square of the nozzle diameter and the nozzle velocity.  If the nozzle diameter is kept 
geometrically similar between systems, and the drive time scales as L3/(L2u) or L/u, then u3t/L2 scales as 
u2/L. 

A dimensional analysis of the general effect of stresses caused by bulk differences in density is 
included in Section A.4.2, which identifies the governing dimensionless group as the Froude number, 
which is proportional to u2/L.  Hence, we find ultimately the effect of a bulk density difference on the 
flow behavior can be represented in terms of the Froude number, as predicted by dimensional analysis. 
Matching the Froude number is equivalent to matching uL-1/2 between systems. 

Because this phenomenon involves self-organization of a density-driven flow, concerns about effects 
on mixing could be moot if the PJM tanks and other occlusions disrupt the initial upward flow sufficiently 
to prevent organized density differences to persist over a PJM cycle, in which case this phenomenon 
would not be important.  However, in lieu of PEP data, one can only assume this. 

A.4 Hydrodynamics 

A.4.1 Rheology 

Rheology is the study of the relation between fluid motion and the forces that drive fluid motion; the 
relationship is often termed simply the rheology of the fluid.  Many common fluids are described by 
Newton’s Law:  that the rate of strain, i.e., the velocity gradient, is proportional to the shear stress driving 
the flow.  For a simple two-dimensional flow with only one velocity component varying in only one 
direction, Newton’s law takes its simplest form, 

 
dy

dux
yx μτ =  (Eq. A.199) 
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where ux is the velocity component in the x-direction, y is a direction perpendicular to x, and τyx is the 
shear stress in the fluid acting in the x-direction on surfaces aligned perpendicular to the y-direction.  The 
velocity gradient (derivative) is the strain rate and has units of 1/time. 

Process slurries in the WTP can be non-Newtonian for sufficiently large solids concentrations, 
denoting that such fluids do not obey Newton’s law of viscosity.  There are many models of such 
behavior; the fluids of interest here tend to be either Newtonian fluids or “Bingham plastics,” which are 
fluids that behave as Newtonian fluids except the strain rate is proportional to the shear stress reduced by 
a “yield stress” that must be attained before any flow occurs.  That is, for shear stresses less than the yield 
stress, the fluid does not move (does not “yield”).  The stress-strain relationship corresponding to the flow 
field invoked above is 

 
dy

dux
yx μττ =− 0  (Eq. A.200) 

Put in terms of the strain rate as a function of the shear stress, 
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du  (Eq. A.201) 

In addition, Bingham plastic fluids can exhibit a shear strength, τs.  This differs from the yield stress, 
τ0, discussed above, which is a parameter describing the stress-strain relationship for a flowing fluid.  
However, a Bingham plastic that has been stagnant for some time essentially “sets up” as a very weak 
solid that can be deformed only after experiencing a shear stress equal to the shear strength, which is 
substantially greater than the yield stress.  The stress-strain history for a Bingham plastic would be as 
depicted, conceptually, in Figure A.6, where the “one-way” dashed line depicts the stress during the 
initial strain of a stagnant fluid, and the solid line depicts the subsequent stress-strain relationship, valid 
for either increasing or decreasing strain so long as a strain rate is maintained.  The relative magnitude of 
the yield strength and yield stress can vary widely and may not be as dramatic as depicted. 
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Figure A.6.  Stress-Strain History for a Bingham Plastic 

No strain rate is possible until syx ττ > .  Once this is attained, the fluid moves and decreases the shear 

strength to an asymptotic value, the yield stress, that applies until the fluid come to rest.  At rest, the fluid 
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“sets up” again.  If enough time passes, the full shear strength is recovered.  If little time passes, some 
stress between the shear strength and the yield stress must be attained to restart fluid motion. 

A.4.2 Characteristic Stresses 

Forces acting on single- and multiple-phase fluid systems can be described in terms of mechanical 
stresses, force/area, and categorized as follows in terms of an imposed characteristic velocity u and a 
characteristic length L together with equilibrium fluid properties:  density, viscosity, yield stress, yield 
strength, and interfacial tension: 

• Inertial stress, ρu2, is the normal stress (pressure) differential associated with stopping a flowing fluid 

• Viscous stress, μ(u/L) , results from fluids resisting a strain rate 

• Yield stress or shear strength, τ0 or τs, that must be applied to a Bingham plastic for it to continue to 
flow or begin to flow 

• Gravitational stress, ΔρgL, resulting from the gravitational acceleration of two adjacent phases with 
different densities 

• Capillary stress, σ/L, resulting from a curved interface between two phases, where σ is the interfacial 
tension. 

The ratios of these stresses are dimensionless groups as named in Table A.2. 

Table A.2.  Dimensionless Groups 

Numerator→ 
↓Denominator Inertial 2uρ  Viscous 

L
uμ  

Gravitational 
( )gLρΔ  

Inertial 2uρ     

Viscous 
L
uμ  Re 

(Reynolds Number)  Ga 
(Gravity Number) 

Gravitational ( )gLρΔ  Fr 
(Froude Number)   

Capillary 
L
σ  We 

(Weber Number) 
Ca 

(Capillary Number) 
Bo 

(Bond Number) 

Yield Stress/Shear Strength sττ ,0  
Reτ, Res 

(Yield/Shear Strength 
Reynolds Number) 

- - 

The significance of these groups to the similitude between the PEP and the WTP includes the 
following. 

• Re:  Reynolds number—
μ
ρuL

—pertains to competition between flow-destabilizing inertial stresses 

and flow-stabilizing viscous forces; the greater the Reynolds number, the greater the tendency for 
turbulence.  This is important at the scale of recirculating flows in tanks and at the scale of the flow of 
liquid around a rising bubble or a settling solid particle.   
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• Reτ:  Yield Reynolds number—
0

2

τ
ρu

—where τ0 is the yield stress of a Bingham plastic—pertains to 

the dissipation of kinetic energy dissipation due to work done against the yield stress; affects the 
turbulent strain rate caused by kinetic energy dissipation. 

• Res:  Shear Strength Reynolds number—
s

u
τ
ρ 2

—where τs is the shear strength of a Bingham plastic—

pertains to the ability of jets to penetrate stagnant regions of a Bingham plastic fluid—Reτ ~ 1 at the 
velocity near the boundary of a mixing cavity. 

• Bond (or Eotvos) number—
σ
ρΔ 2gL

—pertains to competition between gravitational forces tending to 

collapse the roof of bubbles (because fluid above is denser than the gas below) and capillary forces 
tending to resist deformation of the sphericity of a bubble.  This sets the maximum stable size of 
bubbles, which rise as spherical caps. 

• Froude number—
gL

u
ρΔ
ρ 2

—pertains to competition between inertial stresses tending to resist fluid 

accelerating into PJM cylinders during refill and gravitational forces tending to accelerate the fluid 
into them; the competition determines the magnitude of the refill velocity at the PJM orifices 
(modified by imposing a pressure difference at the surface of the liquid in the cylinder).  The Froude 
number also describes the competition between buoyancy forces acting to push a bubble upward and 
inertial forces—i.e., drag forces—acting to resist motion, which determines the rise velocity of large, 
spherical cap bubbles. 

• Gravity number—
μ

ρΔ
u
gL2

—pertains to competition between gravitational stresses tending to move 

fluids due to density imbalances, such as resulting from temperature gradients, and viscous stresses 
resisting the motion; the competition determines the magnitude of the resulting fluid velocity. 

A.4.3 Characteristic Velocities 

A.4.3.1 Forced Convection 

For systems undergoing “forced” convection, a characteristic velocity is imposed on the fluid at some 
point, such as the velocity of a jet at its orifice or the velocity of the tip of an agitator blade.  In such 
cases, the characteristic velocity invoked in the characteristic forces noted above is just this forced 
velocity; i.e., a hydrodynamic boundary condition. 

A.4.3.2 Free (Thermal) Convection 

For systems undergoing “free” convection, no velocity is imposed on the system.  Instead, a density 
difference is imposed as a boundary condition through differences in temperature or concentrations.  Then  
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the magnitude of the resulting velocities adjusts such that gravitational and viscous forces are comparable; 
i.e., such that the Gravity number is of an order of unity.  That is, 

 ( )
μ
ρ 2

~ gLu Δ  (Eq. A. 202) 

The density difference due to temperature differences is 

 
dT

dTT
dT
d

TT
ρβρβρρ ln

≡Δ=Δ=Δ  (Eq. A.203) 

Substituting 

 
μ

ρβ TgLu T Δ2
~  (Eq. A.204) 

At this velocity, the Reynolds number is 

 GrTgLuL T =
Δ

= 2

32
~Re

μ
βρ

μ
ρ  (Eq. A.205) 

where Gr is the Grashof number, which, being a form of the Reynolds number, describes the tendency for 
thermally driven free convection to become turbulent.  If instead, the free convection is driven by 
concentration differences, then 

 
dC

dCgLGr C
C ρβ
μ

βρ ln
2

32
=

Δ
=  (Eq. A.206) 

The analysis is complicated further by the existence of a yield stress in a non-Newtonian fluid.  
Assuming that density-induced stresses arise that are greater than the yield stress, the resulting fluid 
motion will be less than that predicted from correlations based on Newtonian fluids.  At a minimum, one 
would need to define an effective Grashof number.  Any need for such corrections and, if needed, the 
corrections themselves, will have to be inferred from any substantial difference between predicted and 
actual behavior in the PEP. 

A.4.3.3 Particle Terminal Velocity 

The solid particles in the WTP slurry are small enough that their motion relative to the surrounding 
fluid is determined by shear stresses compared to the gravitational force.  For Newtonian fluids, this is 
described by Stokes law: 

 
μ
ρδ

18

2 gu Δ
=  (Eq. A.207) 
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where δ is the size of the particle, and Δρ is the difference in density between the particle and the fluid.  
This is because the shear force is the product of the area and the shear stress, ( )δμδ u2 , and the 

buoyancy force is proportional to g3ρδΔ .  Equating these, the terminal velocity is proportional to 

 
μ
δρ 2gu Δ

∝  (Eq. A.208) 

which is essentially Stokes law for settling.  In a Bingham plastic fluid, the order of the shear stress is  

 ( )δμτ u+*  (Eq. A.209) 

where τ* is τ0 if the fluid is not stagnant—i.e., the case of settling within a sheared fluid—and is τs if the 
fluid is stagnant.  Then the order of the terminal velocity is 

 ( )0,max~ * terminalparticle τρδ
μ
δ

−Δ gu  (Eq. A.210) 

That is, the terminal velocity is zero unless 

 
gρ

τ
δδ

Δ
> *

critical  (Eq. A.211) 

For Newtonian fluids, τ* is zero and some settling always occurs, although not necessarily of any 
significance.  In a Bingham plastic fluid, particles below the critical size δcritical will not settle. 

A.4.3.4 Bubble Terminal Velocity 

Air injected to sparge the liquid forms bubbles that rapidly expand as they rise due to the decreasing 
surrounding hydrostatic pressure combined with continual equilibration with the vapor pressure of water.  
As they expand, capillary forces tend to stabilize the bubbles while gravitational forces tend to destabilize 
them because the fluid above the bubble is denser than the bubble—i.e., as the bubble grows in size, 
eventually the “roof caves in” to create a toroidal bubble because capillary forces can no longer resist 
gravitational forces, and the top surface of the bubble becomes unstable.  Once a toroid forms, it quickly 
breaks into smaller bubbles.  Thus, the stable size of the bubble is determined by the ratio of gravitational 
to capillary forces, which is the Bond number.  For bubbles, this ratio is often termed the Eotvos number; 
it is 

 
σ

ρ
4

2gdEo Δ
=  (Eq. A.212) 

 
where   Δρ = density difference between the gas and the liquid
 G = acceleration of gravity 
 D = bubble diameter 
 Σ = surface tension of the liquid. 
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At the limit of their stable size, bubbles exist as spherical caps, and as they rise, the flow around them 
is turbulent, such that the drag force and hence the rise velocity essentially does not depend on viscosity.  
Joseph1 shows that for spherical cap bubbles in this domain, the Froude number (the ratio of inertial to 
gravitational forces) based on the terminal velocity of the bubble—i.e., the velocity of the bubble relative 
to the fluid enclosing it—is constant and equal to 32 .  That is, 

 gdu
3
20 ==μ  (Eq. A.213) 

where u is the terminal velocity.  Then the velocity can be written in terms of the Eotvos number by 
substituting for the bubble diameter to get 

 
41

9
8

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
= Eogu

ρ
σ  (Eq. A.214) 

Joseph reports that a numerical study by Boulton-Stone et al.2  suggests that spherical cap bubbles are 
stable only when the Eotvos number based on an equivalent spherical radius is less than about 32.  For 
higher values of Eo, an unstable toroidal bubble is formed before breakup.  Substituting for the Eotvos 
number, 

 
4141
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9

256~ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=⎟⎟

⎠
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⎛
ρ
σ

ρ
σ ggu  (Eq. A.215) 

For either water or WTP process liquids, this is on the order of 1 ft/s.  The above analysis is based on 
observations and correlations for single bubbles rising in an otherwise stagnant liquid, in which case, the 
rise in velocity does not exhibit any inherent proportionality to the characteristic velocities imposed on 
the PEP, WTP, PJMs or pumps.  This should also be true for a column of bubbles rising due to their 
buoyancy.  The situation is more complicated if a forced flow field is superimposed; in that case, it is best 
to assume that the fluid motion induced by rising bubbles adds simply to any velocity imposed by PJMs 
or pumps.  

Also, the above analysis is based on observations and correlations for bubble rising in Newtonian 
fluids.  The existence of a yield stress or shear strength will impede the bubble rise, but if the yield 
Reynolds number is on the order of the viscous Reynolds number for which spherical bubble caps exist in 
Newtonian fluids (Re~100), probably the behavior in non-Newtonian fluids will be similar, and the above 
analysis provides at least an order-of-magnitude analysis and the proper functional forms. 

A.4.3.5 Mixing Caverns 

As is shown below, the penetration of jets into stagnant regions of a Bingham plastic fluid exhibiting 
a shear strength depends on the shear-strength Reynolds number.  This penetration quantifies the 
formation of any “mixing cavern.”  Therefore, to make the existence and extent of mixing caverns in the 

                                                      
1 Joseph DD.  2003.  “Rise Velocity of Spherical Cap Bubble.”  Journal of Fluid Mechanics 488:213–223. 
2 Boulton-Stone JM, PB Robinson, and JR Blake.  1995.  “A Note on the Axisymmetric Interaction of Pairs of 
Rising, Deforming Gas Bubbles.”  International Journal of Multiphase Flow 21:1237–1241. 
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PEP represent expected behavior in the PEP, the shear strength Reynolds number must be matched.  
Given the same solids, particle-size distribution, and liquid composition to provide representative solids 
for leaching, the shear strength will be the same for materials in the PEP as for materials in the WTP.  
Therefore, jet velocities (filter loop recirculation entrance, PJM orifice) are matched between the PEP 
and the WTP so that the shear-strength Reynolds number is matched. 

Jet Penetration 

The processes limiting the streamwise extent of a jet can be idealized in several ways. 

1. If the jet is confined transversely by a rigid boundary that imposes a shear stress at the periphery of 
the jet, the momentum decreases along its length according to 

( ) ( ) ( ) ( )∫ Γ−=Γ−= ΓΓ

z
dzzzAuJdzzzdJ

00
2
0or τρτ  until the jet is subsumed as the center velocity 

becomes small compared to nearby velocities imposed by other processes.  The peripheral shear stress 
scales as ( )Luμτ ~ , where μ is the viscosity of the fluid.  Then the ratio of the momentum flux J to 
the flux at the origin of the jet is given by 
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 (Eq. A.216) 

 
where   U0 = velocity at the start of the jet 
 L = characteristic length scale for the system in which the jet is embedded 
 A0 = jet area at the origin 
 Г = length of the periphery of the jet over which shear stress occurs. 

The shear stress will scale with the system as μ(u/L), the periphery will scale as L, the velocity will 
scale as u0, and the jet area will scale as L2; therefore, the dimensionless terms Λ, ψ, φ, γ, and α0 are 
independent of scale.  Therefore, the ratio of the momentum flow compared to the initial value decays 
along the extent of the jet relative to the length scale as a function of the jet Reynolds number, Re.  The 
greater this Reynolds number, the greater the extent of the self-similar region of the jet compared to the 
length scale of the system.  For large jet Reynolds numbers, the jet will extend until deflected by a 
boundary, in which case the location of the disruption is determined by the tank geometry instead of 
hydrodynamic processes occurring in the jet. 

2. The jet and parallel jets expand until they transversely bound each other.  In that case, the area can no 
longer increase, and hence the velocity does not decay.  However, together the jets form a larger jet 
that is more likely to encounter rigid boundaries at its edge, causing the jet to decay as noted above.  
Because the width of a self-similar jet expands proportionately to the ratio of the distance from the 
origin to the orifice diameter, and the orifice diameter is in a specified proportion to the length scale, 
two jets will merge at a location determined by the tank geometry.  Hence, if the arrangement of jet 
orifices preserves geometric similitude, the flow patterns of jets will be geometrically similar. 

3. The jet can be dramatically disrupted by impinging on a complex boundary (e.g., the boundaries of 
features inside a tank) that essentially divides the jet into many jets proceeding in different directions.  
Practically, this amounts to converting a jet to unstructured turbulence.  The location of the disruption 
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is the location of the complex boundary.  Consequently, the extent of the jet is determined by the 
geometry of rigid boundaries in the tank.  Hence, if the boundaries preserve geometric similitude, the 
extent of jets will be geometrically similar. 

4. In a non-Newtonian fluid, even if the momentum flow is sustained, the jet can expand until the center 
velocity is too small to induce inertial stresses equal to the shear strength of surrounding stagnant 
fluid.  At that point, the surrounding fluid acts a rigid boundary forcing the jet to spread and decay as 
though impinging on a wall, and we have 

 2

0

1

1

02
0

2 Re ss A
A

A
A

uu =∴== ρρτ  (Eq. A.217) 

where A0 and A1 are the jet cross-sectional area at the start (“0”) and some location “1” at which the 
jet effectively ends, and as noted above Res is the shear strength Reynolds number. 

5. Because the ratio of the jet area to the initial area for a self-similar jet is a function of the distance 
along the jet compared to the orifice diameter that is proportional to the length scale of the system, the 
extent of the jet relative to the length scale is a function of the yield Reynolds number. 

Significance of the Shear Strength Reynolds Number 

For 1, 2, and 3 above, the extent of the jet is determined by the tank geometry.  Therefore, the extent 
of the jet compared to the length scale will be the same for systems that are geometrically similar, which 
is true for the PEP compared to the WTP.  For 4 above, this is also true if the shear strength Reynolds 
number is matched between systems. 

The potential existence and size and shape of any mixing cavity is defined by the penetration of jets 
into fluids exhibiting a shear strength.  From the above, this penetration, and hence the size and shape of 
any mixing cavity, depends primarily on the shear strength Reynolds number.  The processes leading to 
the size and shape of a mixing cavity are too complex to calculate or otherwise estimate.  Therefore, we 
must rely on similitude between the PEP and the WTP to match the existence, size, and shape of mixing 
cavities in the PEP and the WTP.  To this end, one must match the shear strength Reynolds number 
between the PEP and the WTP.  Consequently, given the same rheological properties of the slurry in the 
PEP and the WTP, one must match velocities at the origins of jets between the PEP and the WTP, 
including notably the filter loop recirculation jet and PJM jets.  Consequently, the ratio of the hydro-
dynamic time scale, i.e., length/velocity, is the ratio of the length scales, and hence hydrodynamic events 
and processes in the PEP should occur proportionately faster than in the WTP when the corresponding jet 
velocities are matched. 

A.5 Heat Transfer 

A.5.1 Scaling Analysis 

A scaling analysis of heat transfer associated with the scaled and unscaled UFP vessels may be 
reasonably divided into processes internal to the vessel and those from the vessel wall outwards.  By 
constructing an analytical apparatus to understand the external heat transfer, this information can then 
serve as a global boundary condition to the internal heat-transfer processes.   
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The external heat-transfer problem may be loosely subdivided into three smaller problems. 

• The first is natural convection1 over the outer surface of the vessel with an associated radiative 
exchange between the vessel exterior and its surroundings.  The Nusselt number associated with 
natural convection generally scales with the Rayleigh number to some exponent.  If the flow is 
laminar or turbulent, the exponent is one quarter or one third, respectively.  The form and coefficients 
of such correlations depends also on the orientation of the surface relative to vertical. 

• The second is forced convection through the side and bottom jackets.  In the laminar case, Nusselt 
numbers are essentially constant after a development phase.  For the turbulent case, at fixed Prandtl 
number, the transfer scales approximately as the Reynolds number (based on the pipe diameter) raised 
to the power 4/5 (this is a classic result; for example, see White2)  

• Third is heat exchange between the vessel and all piping attachments, either through conduction along 
the pipes or via the flux of energy into or out of the vessels by fluid convection.  This contribution is 
more difficult to assess because it depends on the rates and conditions of any flows as well as the 
temperature gradients along the pipe axes. 

The internal heat transfer is generally less amenable to scaling analyses than is the external problem.  
It includes the following. 

• The slurry within the vessel may exchange heat with its surroundings:  the vessel walls and the gas 
phase above.  Slurries may be either Newtonian or non-Newtonian.  As temperature differences are 
generally small within the vessel, net radiative exchange is likely minimal.  Heat is exchanged 
convectively between the vessel walls and the slurry.  This occurs within boundary layers, and 
periodic stagnation point flows directly adjacent to PJM exhaust nozzles. 

• Slurry energy may be changed via both conduction through the piping, which connects the vessel to 
the outside world, and by convection-induced enthalpy changes caused by the flux of material, 
through the piping, into or out of the vessel. 

• PJMs provide kinetic energy to the slurry, which is transformed into heat via viscous dissipation.  
Work done by the fluid on the inside mixer walls also adds energy to the slurry.  Energy associated 
with the suction process must also be included.  Additional viscous dissipation arises to the slurry 
from viscous dissipation associated when the recirculation pumps are in operation. 

• Temperature changes are caused by chemical reactions and phase changes.  Beyond the chemical 
reactions inherent in the processing of the waste, whether exothermic or endothermic, evaporation/ 
sublimation and condensation occur.  Eductor tubes introduce hot steam at 172°C while sparger tubes 
introduce dry, room-temperature air.  These will give rise to condensation or vaporization of the 
water.  Vaporization will occur into dry air bubbles until there is a partial pressure balance of the 
water between the bubble and the adjacent slurry.  Both of these processes may give rise to local 
temperature inhomogeneities. 

• Radioactive material imparts energy as decay heat. 

                                                      
1  The Rayleigh Number scales as the length cubed.  Similar dependencies of the Nusselt Number on the Rayleigh 
number for laminar versus turbulent flow are observed for various free-convection domains.  A useful reference is:  
B Gebhart, Y Jaluria, RL Mahajan, and B Sammakia.  1988.  Buoyancy-Induced Flows and Transport, Hemisphere 
Publishing Company, New York. 
2 White FM.  2006.  Fluid Mechanics, 6th Edition, McGraw-Hill Higher Education.  
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It is important to distinguish between the concepts of heat transfer and temperature distribution.  Heat 
transfer is traditionally associated with the heat flux vector whereas temperature distributions focus on the 
entire energy equation.  Even with a vanishing heat flux vector, energy can be transported simply by 
convection.  In this context, mixing causes a large-scale advection of energy followed by conduction 
processes occurring at small scales.  Conduction processes are often insufficient to achieve a uniform 
temperature field and must be supplemented with convective/mixing processes.  Both the PJMs and 
buoyancy-driven flows (and possibly the sparger bubbles) are mixing agents, causing the gradients to 
steepen and increase the volume in which significant gradients exist.  Recent computational fluid dynamic 
simulations for a Newtonian fluid suggest that the slurry will be nearly isothermal. 

A particular aspect of this study that merits mention is the fact that the principal item being scaled in 
these studies is the characteristic length scale.  Between the scaled and unscaled UFP vessels, the change 
in the characteristic length scale is slightly greater than half an order of magnitude, i.e., there is little scale 
separation between the full- and reduced-scale vessels.  This potentially gives rise to a situation where 
uncertainties in proportionalities can be of similar magnitude to changes in other terms.  For instance, 
laminar natural convection occurring over spheroids is well described by 

 Pr~~ 4/34/1 GrRaLRaNu =  (Eq. A.218) 

Even for well-studied flows, the proportionality constant has a wide variation in the literature.  If a 
UFP vessel is scaled by a factor of 4.5, the Nusselt number would change by a factor of 3.1.  However, 
even in canonical flow fields, there is uncertainty in the proportionality coefficients.  Estimating heat 
transfer in real engineering environments by appealing to idealized results adds further uncertainty to the 
proportionality coefficients that could approach a factor of three.  For this reason, there is not enough 
scale separation to allow proportionalities to be ignored. 

A general caveat to the scaling analysis is that it is incapable of transparently alerting readers as to 
when a physical process moves from one regime to another.  For instance, an order of magnitude change 
in the Reynolds number may be the difference between a laminar and turbulent boundary layer.  A small 
change in temperature may send a material through a phase change where completely different empirical 
correlations apply.  The problem is that these transition points can be somewhat context dependent. 

A.5.2 Heat Transfer Across Tank Boundaries 

Enthalpy flow as heat transfer through the boundary of the tank, distinct from enthalpy added by 
steam injection or removed by vaporization due to sparging, is a complex process driven by the difference 
between the average temperature of the fluid in the tank and the temperature outside the tank and 
involving various heat-transfer resistances in parallel and in series.  Enthalpy lost by vaporization is 
replaced by condensate, which by itself causes essentially no net addition of mass.  Furthermore, the 
enthalpy flow between steam injection and vaporization by sparging is expected to cause small 
temperature differences in the fluid, as discussed below.  However, enthalpy lost by heat transfer across 
the boundary must be replaced by injecting additional steam, which provides a net addition of water to the 
tank.  Heat transfer across the boundary can be represented conceptually as shown Figure A.7; no attempt 
is made to depict the actual location of heat-transfer processes within the boundary. 
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Figure A.7.  Heat Transfer Across the Boundary 

Region 0 in Figure A.10 is essentially isothermal well-mixed fluid within the tank.  Region I is fluid 
undergoing natural convection inside the tank.  Region II is fluid undergoing forced convection (e.g., 
from PJMs or recirculation) inside the tank.  Both Region I and II could include some stagnant fluid if a 
significant yield stress is exhibited by the fluid, which would decrease the heat-transfer coefficients.  
Region III is the tank wall.  Region IV is air outside the tank undergoing natural convection.  Region V is 
the coolant in the cooling jacket.  In addition, radiation heat transfer occurs in parallel over area A4. 

To make the analysis tractable while retaining relevance to the actual, complex heat-transfer paths, 
consider heat transfer in parallel in Regions I and II and in parallel in Regions IV and V, and the 
combined heat transfer in Regions I/II and IV/V in series with the heat transfer in Region III.  Also, the 
temperature difference across Region I is the same as for II, while the temperature difference across 
Region V can be controlled independently of that for Region IV because the coolant temperature can be 
controlled independently of the ambient temperature, Tair.  Associated with each region is a temperature 
difference ΔT across it, a heat-transfer area A, and a heat-transfer coefficient h. 

Because the tank boundary is thin and more conductive than the other regions, the temperature 
difference across it will be relatively small enough to neglect for the purposes of this analysis and hence 
can be characterized simply by a temperature.   
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For this conceptual analysis, there is no basis for associating fractions of areas A1 or A2 with fractions 
of areas A4 or A5.  Instead, we simply equate the sum of the heat fluxes through Regions I and II with the 
sum through Regions IV and V and also consider the temperature of Region III to be an average over A3, 
i.e., T3.  Then the heat flows are 
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 (Eq. A.219) 

where hrad is a linearized radiation heat-transfer coefficient that does not depend on the length scale.  This 
form is sufficient when, as in this case, the temperature difference is small compared to the average 
absolute temperature.  Solving for the temperature at the boundary and the total heat flux, 
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 (Eq. A.220) 

For a Newtonian fluid, the heat-transfer coefficients take the form 

 Nu
L
kh =  (Eq. A.221) 

where k is the thermal conductivity of the fluid (liquid in the tank, air outside), L is a characteristic length, 
and Nu is the Nusselt number, a dimensionless heat transfer coefficient.  For forced convection, Nu2 = 
(kf/L)f(Re, Pr), where kf is the thermal conductivity of the fluid, and Re is the Reynolds number based on 
the flow forcing the heat transfer.  Typically, Nu = (constant)ReaPrb, which for constant characteristic 
velocity scales as La , where a is typically ½ to ¾.  For natural convection, Nu1 or 4 = (k/L)f(Gr, Pr), where 
Gr is the Grashof number associated with the natural convection domain, and typically 
Nu = (constant)GrcPrd, which for constant characteristic temperature difference scales as L3c where 
typically c is ¼ to 1/3.  Hence, we can approximate the Nusselt numbers to be roughly proportional to L.  
Then the heat-transfer coefficients are weak functions of the length scale, and hence, 

 2LAQ ∝∝&  (Eq. A.222) 

which is a crude but instructive evaluation of the order of the dependence of the heat loss on the length 
scale at steady state. 

A.5.3 Effect of Sparger Evaporation on Temperature Uniformity 

Consider the heat transfer between the point of steam injection and the top of the zone of vaporization 
in the combined sparge bubble regions, as shown in Figure A.8. 
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Figure A.8.  Heat Transfer in Combined Bubble Regions 

Although some of the enthalpy of the steam injected is rejected via heat transfer through the boundary 
of the tank, much of it is required to compensate for the enthalpy of water vaporized in the sparge regions.  
To approximate the temperature difference caused by the combination of steam injection and sparging, 
equate the enthalpy flow associated with these: 

 airs QQ && =  (Eq. A.223)  

where Q&  is enthalpy flow, s denotes injected steam, and air denotes air injected to form the sparge 
regions.  The rate of enthalpy added due to condensation of the injected steam is 
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 (Eq. A.224) 

where n& is a molar flow rate, Mw is the molecular weight of water, and ΔHvap is the enthalpy per mass of 
water vaporized, neglecting the small specific heat of air.  The rate of enthalpy lost due to sparging is the 
product of the rate of vaporization of water and the enthalpy of vaporization: 
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where P is the pressure at the top of the sparge region, Psat is the vapor pressure of water at the top of the 
region, and y denotes a mole fraction in the sparge gas.  Equating these, 
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Therefore, 
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Sparging induces an upward mass flow of slurry due to the force imbalance imposed by the reduced 
average density of the fluid caused by bubbles in the sparge region.  Assume we can define an effective 
mass flow of liquid Lm&  that provides the heat lost to vaporization during sparging.  Equating the heat 
injected as steam with the temperature difference from the point of injection to the top of the sparge 
region, 

 vap
wspLs HMnTCmQ Δ=Δ= &&&  (Eq. A.228) 

where Lm& is the effective mass flow rate of liquid induced by the sparging, Cp is the specific heat, and ΔT 
is the temperature drop from the point of steam injection to the top of the sparge region.   

Invoke the conservation of momentum to estimate the liquid velocity resulting from the void fraction 
in the bubble column.  The hydrostatic upward force imbalance (left side of equation) is matched by the 
divergence of the upward liquid momentum (right side of equation) as follows. 

 ( ) ( ) ( )[ ]zuzm
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dzAg LLL &=ερ  (Eq. A.229) 

 
where   A(z) = effective flow cross-section area 
 g = acceleration of gravity 
 ε = void fraction in the bubble column 
 uL = upward velocity of the liquid in the bubble column.

Implicit is the assumption that profiles in the velocity and void fraction can be approximated by 
average values associated with the area A(z).  Because the gas is expanding and bubbles are continuously 
breaking up, assume that the void fraction is at a maximum value while the area A(z) increases due to the 
increasing gas volumetric flow rate.  The gas volumetric flow rate is related to the rise velocity by 
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Integrate from the bottom (z0) to the top (z1) of the bubble column 
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Neglect the mass flow at bottom of column compared to top.  Treat the rise velocity as though it is 
approximately constant.  Then 
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The gas flow rate is a function of local pressure: 
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Substituting and integrating over the height of the bubble column, 
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 (Eq. A.235) 

Rearranging, 
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The liquid mass flow rate can be written in terms of the flow cross-section and the void fraction as 
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Solving for the velocity of the liquid, 
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The rise velocity of the gas is the terminal velocity of bubbles plus the liquid velocity 

 Lgrise uuu +=  (Eq. A.239) 
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The recirculating liquid mass-flow rate is related to the gas volumetric flow rate at the top of the bubble 
column by 
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Having treated the gas terminal velocity ug, liquid velocity uL, and void fraction ε as constants to 
within the error associated with those approximations, we find the mass flow rate of the recirculating 
liquid to be proportional to the volumetric gas flow rate at the top of the bubble column.  That is, we have 
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== &&  (Eq. A.241) 

This approach is consistent with the apparent proportionality between the size of the Zone of 
Influence and the Region of Bubbles found from sparging tests.  Given that ε ≤ 1 and expecting uL to be 
on the order of ug, a reasonable guess for κ is unity.  The volumetric gas flow rate is 
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Substituting, 
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Substituting into the heat balance over the induced liquid mass flow and solving for the temperature 
difference for operating conditions near 100°C, 

( )( )( )
( )( )( )( ) κκρκ

K
KkgJKKmolJmkg

kgJmJmolkg
RTC

HPM
T

p

vap
satw 313.0

4186373314.81000
000,260,210018.01~1

3

35

=
−−

Δ
=Δ  (Eq. A.244) 

That is, the temperature difference associated with the heat flow from the point of steam injection to 
the top of the sparge region is on the order of 0.3 K for κ ~ 1.   

Although several assumptions underlie the approximation, a robust result is that the magnitude of the 
temperature difference is small. 
 





 

 

Appendix B  
 

Scaling Sparger Operations 





 

B.1 

Appendix B 
 

Scaling Sparger Operations 

Air spargers are deployed in the Ultra-Filtration Process (UFP)-2 vessels to supplement pulse-jet 
mixers (PJMs), creating a “hybrid” mixing system.  Additionally, steam rings in the UFP-1 and UFP-2 
vessels are to be purged with air when steam is not flowing to prevent the back-flow of slurry.  Because 
the steam rings contain numerous orifices and are located deep within the slurry-filled vessels, they too 
act as air spargers and contribute mixing energy when air is flowing.  The following sections address the 
design of the dedicated air spargers in the UFP-2 vessels and the scaling of steam ring purge air flow rates 
in both UFP-1 and UFP-2.  The latter is based on the general design principles established in the first 
section.    

B.1 Air Sparger Design 

The primary mixing work of air spargers is the result of the net vertical rise of sparge bubbles through 
relatively dense slurry and the resulting localized entrainment and bulk motion of slurry fluid.  The 
sparger “mixing effectiveness” is a product of the “intensity of mixing” and the distribution of this 
“mixing energy” across the slurry contained in the vessel.  The derivation of expressions for sparge 
bubble mixing power, calculations guiding the distribution of spargers in the vessels, and a specific 
example describing the scaling of sparger design and operation from the WTP- to PEP-scale UFP-2 
vessels is provided in this section. 

B.1.1 Sparge Bubble Mixing Power 

The pressure-volume expansion work of a bubble rising through a differential pressure change dP 
resulting from a differential elevation change dz in a slurry of constant density1 ρ is 

 gdzvdPvzdW zbzbb ρ,,)( ==  (Eq. B.1) 

where g is the acceleration of gravity and vb,z is the elevation-dependent bubble volume.  The work 
accomplished in some finite elevation change from an initial elevation z0, typically z0 = 0 at the sparge tip 
nozzle, to an arbitrary elevation z is found by integrating Equation (B.1)    

 ∫=
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1  The constant density assumption neglects relatively small differences due to temperature variation and is limited 
to cases where steam addition (as water) is approximately equal to the amount vaporized and stripped by sparge air. 
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The power associated with the rise of a steady stream of bubbles is the work per unit time, which is 
simply the work of a bubble multiplied by the bubble frequency.  Neglecting bubble coalescence and 
breakup, the bubble frequency fb is the flow rate of a sparge air stream Q divided by the individual bubble 
volume 
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Implicit in Equation (B.3) is that the elevation dependence of the volume of a single bubble and the 
bulk sparge gas volumetric flow rate (including water vapor) are directly proportional.  After passing 
through slurry, sparge bubbles will contain air and water vapor.  Since both are gaseous, the general 
phrase sparge “gas” is used here when referring to bubbles containing air and water vapor.  Sparge “air” 
refers explicitly to the essentially water vapor-free air delivered through the sparge tubes. 

Substituting Equation (B.3) in (B.2) and dividing by the volume of slurry affected, Vsl, gives the 
volume specific integrated bubble power, PbV 
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The rightmost integral form of Equation (B.4) shows PbV in terms of the elevation-dependent sparge 
gas superficial velocity U*

z   
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QU =*  (Eq. B.5) 

where Asl is the cross-sectional area of the slurry in the vessel influenced by the sparge gas.  It is assumed 
that the PJM-free cross section projected normal to the vertical sparge tubes is the area “affected” by the 
sparge gas.1  Equation (B.4) indicates that the local sparge gas flow rate and superficial velocity, Qz and 
U*

z, are representative of, and proportional to, the differential (or incremental) bubble power per unit 
volume.   

Equation (B.4) also shows that for constant slurry density, the integrated bubble power per unit 

volume of slurry is directly related to the integrated average sparge gas superficial velocity, 
*

U .  To help 

assess sparged gas mixing effects, it is of interest to look at both the integrated forms (PbV or 
*

U ) and 
local distribution (Qz or U*

z) of bubble mixing power.  However, the elevation-dependent superficial 
velocity is most representative of the local slurry velocity and “mixing intensity.”  It is the metric used in 
this analysis. 

                                                      
1  Other than the PJM cluster, no correction is made for internal structures (e.g., tubing and hardware) in the vessel 
that would effectively reduce the free cross-sectional area.  The correction is assumed to be small, and it would 
apply uniformly to all cases. 
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Equation (B.4) is applied separately to the annular and central slurry volumes of the UFP-2 vessel, 
utilizing the specified deep and shallow sparge air feed flow rates, respectively.  An overall average 
superficial velocity at elevation z is determined from the total gas flow rate resulting from operation of all 
spargers divided by the total vessel cross-sectional area affected (i.e., area normalization).  At elevations 
lower than the shallow sparger nozzle tips, the normalized U*

z (or Qz) values are equal to those for the 
deep spargers alone.  

The elevation (z) dependence of the volume of an individual bubble is a function of temperature 
change, the change in moles of gas and vapor species (e.g., due to water vapor addition), and the change 
in hydrostatic pressure in the vicinity of the bubble.  For a bubble of initial volume vb0 and other initial 
conditions identified by the subscript 0, the z-dependent bubble volume is given by 

 
0

0

0

0,00

,0

,

0

,

Q
Q

P
P

P
PP

PP
P

T
T

v
v z

z

sat

zsatzz

z

b

zb

b

zb =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛

−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

η
η

 (Eq. B.6) 

 
where the first term is the thermal expansion factor (Tb is the bubble temperature), the middle term 
accounts for water vaporization (or condensation), and the last term is the pressure expansion (or 
compression) factor.  The absolute pressure at elevation z above the sparger nozzle and depth h from the 
slurry surface, which is the submergence of the sparger nozzle less the current elevation, H – z, is  

 )( zHgPP az −+= ρ  (Eq. B.7) 

where Pa is the ambient pressure in the headspace of the vessel.  

The middle term of Equation (B.6) is a function of both the absolute pressure at elevation and the 
temperature-dependent saturation partial pressure of water vapor, Psat, for the slurry composition 
surrounding the bubble.  The saturation fraction η can be a function of z, and is unity when air bubbles are 
in mass equilibrium with the slurry (i.e., saturated with water vapor) and is zero for dry air.  In the 
analysis of hot sparging described below, the sparge bubbles are assumed to saturate nearly 
instantaneously upon departure from the sparge tube (η = 1).1  If the bubble temperature is constant, for 
example in the case where the sparge gas is pre-heated during transit through the sparge tubes and 
sufficient heat is provided to maintain nearly constant Tb throughout the bubble rise, Equation (B.6) 
reduces to  
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 (Eq. B.8) 

                                                      
1  The assertion of rapid attainment of water-vapor equilibrium in the sparge-gas bubbles is based in part on the 
work of Smith (2006), who estimated reaching near equilibrium water concentration in stagnant small (e.g., <1 cm) 
bubbles in a few seconds or less.  Convection within and around rising bubbles would increase the rate of water-
vapor mass transfer.  However, depending on sparge air-flow rates and/or slurry physical properties, sparge bubbles 
may be relatively large upon separation from the nozzle tip (e.g., 10 cm), which would result in an increased time to 
saturation.  
Smith JM.  2006.  “Large Multiphase Reactors, Some Open Questions.”  Trans IChemE, Part A, 84(A4):265–271. 
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As Psat approaches the absolute pressure at elevation z, bubble volume (and flow rate) can become 
quite large as the denominator of Equation (B.8) becomes small.  Since Psat increases with temperature, 
sparging hot can lead to dramatic increases in sparge gas flow rates and commensurate enhancement in 
(mixing intensity), particularly near the slurry surface.  Psat is also a function of slurry composition, 
generally decreasing with increasing concentration of ionic species (e.g., sodium hydroxide and salts).  

One sparger scaling approach is to match the elevation-specific gas superficial velocity achieved 
under design basis operating conditions.  Of interest is the flow rate Qstd of dry sparge air under standard 
conditions (P0 = Pa = 1 atm; ηPsat = 0; T0 = Tb0 = 25°C) needed to provide a specified gas superficial 
velocity U*

z at elevation z under hot operating conditions.  Rearranging Equation (B.5) gives Qz for the 
cross-sectional area affected by the spargers (= U*

zAsl).  Assuming constant slurry and bubble temperature 
conditions (T = Tsl = Tb) and equilibrium saturation of the bubbles to the water vapor partial pressure 
immediately upon exiting from the sparger nozzle (z = 0), and substituting for Qz into Equation (B.6) 
gives 
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The inverted form of Equation (B.9) is also useful to determine the elevation-dependence of the total 
sparge gas flow rate (hence, superficial gas velocity) for a given standard sparge air feed rate    

 std
satz

asl
z Q

PP
P

T
T

Q ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=

0
 (Eq. B.10) 

Equation (B.10) is subject to the assumptions of Equation (B.9).  This equation is utilized to 
determine the sparge air flow rate required in the PEP UFP-2 vessel to match superficial velocity criteria 
of the WTP-scale vessel.  It is also used to compare the local bubble mixing power in the two vessels, as 
shown in examples below.  

B.1.2 Calculations Guiding the Spatial Distribution of Spargers 

Claghorn and Waddell1 specify the WTP-scale UFP-2 “design basis” sparger operating conditions 
including gas flow rates to 16 spargers at three nozzle depths.  Calculated sparger regions of bubbles 
(ROBs) and overlap of zones of influence (ZOIs) were used as a basis to layout spargers to provide 
adequate mixing.  Rising bubbles in ROBs entrain slurry resulting in a net upward movement of slurry, 
while ZOIs define regions for slurry to return to depth completing a recirculation pathway (Poloski et al. 
2005).2  In support of WTP vessel mixing studies, Poloski et al. (2005) evaluated mixing resulting from  

                                                      
1  Claghorn R and P Waddell.  2007.  System Description for Pulse Jet Mixers and Supplemental Mixing Subsystems.  
24590-WTP-3YD-50-00003 Rev B, Bechtel National, Inc., Richland, Washington. 
2  Poloski AP, ST Arm, JA Bamberger, B Barnett, R Brown, BJ Cook, CW Enderlin, MS Fountain, M Friedrich, BG 
Fritz, RP Mueller, F Nigl, Y Onishi, LA Schienbein, LA Snow, S Tzemos, M White, and JA Vucelick.  2005.  
Technical Basis for Scaling of Air Sparging Systems for Mixing in Non-Newtonian Slurries.  PNNL-3541 (WTP-
RPT-129 Rev. 0), Battelle – Pacific Northwest Division, Richland, Washington. 
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air sparging in non-Newtonian simulants at ambient temperature and obtained expressions relating sparge 
gas flow rate and ROB and ZOI diameters, DROB and DZOI,  

 34.011QDROB =       and       34.034QDZOI =  (Eq. B.11) 

where Q is the actual flow rate at the sparger nozzle in actual cubic feet per minute (acfm) and the 
diameters are in inches.  Note that DZOI is essentially three-times DROB.  If spargers are distributed such 
that the nozzles are separated by 2/3 DZOI, then ZOI circles of neighboring spargers just meet adjacent 
ROB circles, as projected on the slurry surface.  In this way, the upward flow of bubbles and slurry in 
ROBs interferes minimally with the downward recirculation in ZOIs, while providing maximum coverage 
over the slurry surface area.  This is the approach taken to establish the sparger layout and flow rates at 
ambient temperature in the WTP UFP-2 vessel.1  Equation (B.11) is not directly applicable to the air-
sparge rates in hot-slurry systems because of the thermal and water-vapor effects on bubble expansion 
[e.g., Equation (B.6)]. 

In Equation (B.11), the approximate proportionality of the ROB and ZOI diameters to the flow rate 
raised to the one-third power is included for convenience in the scaling development to follow.   

As noted in the example to follow, the fundamental approach to scale the sparge air flow rate and 
bubble mixing power for different vessel sizes is to maintain a constant superficial gas velocity at a 
specified vertical location (e.g., the slurry surface, or the sparge nozzle depth).  The superficial velocity is 
defined in Equation (B.5) above.  For geometrically scaled vessels, the cross-sectional area varies as the 
square of the linear scale factor S.  Defining S as the ratio of the linear size of equipment in the WTP to 
the corresponding size in the PEP (S = 4.5), the cross-sectional areas are related by   

 2
,, SAA PEPslWTPsl =  (Eq. B.12) 

Combining Equations (B.5) and (B.12), the actual sparge air flow rates required to maintain constant 
superficial velocity at sparge nozzle depth in the scale vessels are also related by the square of the scale 
factor 

 2SQQ PEPWTP =  (Eq. B.13) 

Substituting this result into the proportionality Equation (B.11) with the 0.34 power approximated as 
1/3 leads to expressions relating WTP and PEP-scale ROB diameters and ROB areas (= πD2/4) 
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= SDD WTPROBPEPROB  (Eq. B.14) 

and 
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4
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−

= SAA WTPROBPEPROB  (Eq. B.15) 

                                                      
1  Claghorn R and P Waddell.  2007.  System Description for Pulse Jet Mixers and Supplemental Mixing Subsystems.  
24590-WTP-3YD-50-00003 Rev B, Bechtel National, Inc., Richland, Washington. 
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Implicit in these equations is an assumption that ROB and ZOI regions are fully developed in the 
smaller scale vessel,1 even though the nozzle and stimulant depths are a factor of S less.  Using 
Equations (B.15) and (B.12), the fractional area of a ROB relative to the slurry surface area in the two 
vessel scales are related by 
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This shows that in the case of constant sparge air superficial velocity at the sparger nozzles, the 
coverage of a single sparger is a factor of S2/3 larger in the smaller-scale vessel.  Since ROB and ZOI both 
vary as a function of flow rate to approximately the one-third (0.34) power [Equation (B.11)], the WTP 
and PEP ZOI diameters [Equation (B.14)], areas [Equation (B.15)], and fractional surface area coverage 
[Equation (B.16)] vary with the scale factor raised to a power in the same way as the ROB.  For S = 4.5, 
the calculated improvement is ~2.7 (= 4.52/3).  This suggests that fewer spargers are required in the PEP 
than in the WTP UFP-2 vessel.   

To a first approximation, the number of spargers nsp at full-scale are related by the area ratio factor 
S2/3 of Equation (B.16) 
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However, reducing the number of spargers requires increasing the flow rate to the remaining spargers 
in order to satisfy the constant superficial velocity criterion, which in turn increases the ROB and ZOI 
diameters according to Equation (B.11).  The volumetric flow rate to each of the scaled spargers would be 
increased by a factor of S2/3 to compensate for the reduction in nsp.   

 3
2

1,2, SQQ PEPPEP =  (Eq. B.18) 

where the subscripts 1 and 2 indicate initial and second estimates.  The relative increase in ROB (and 
ZOI) diameter and area are determined by substituting Equation (B.18) into Equation (B.11)  

 9
2

1,,2,, SDD PEPROBPEPROB =  (Eq. B.19) 

and 

 9
4

1,,2,, SAA PEPROBPEPROB =  (Eq. B.20) 

The ROB (and ZOI) diameter and area for the revised number of spargers in the PEP are 40% 
(4.52/9 = 1.40) and 95% (4.54/9 = 1.95) greater, respectively.  This suggests further iterations in the 
reduction in the number of spargers, again with compensating proportional increases in the flow rate per 
remaining sparge tube.   

                                                      
1  At 1.8 Hsl/D, the deep spargers will be ~62-in. deep and the shallow spargers above the PJMs will only be ~19-in. 
deep.  Therefore, the full ROB and ZOI diameters might not be attained (Poloski et al. 2005). 
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Other practical factors must be considered in setting the number of spargers in the PEP vessel.  The 
number and layout of spargers is also dictated by symmetry.  In the case of UFP-2, there is a strong driver 
to keep the number of deep spargers in the annular portion of the tank to multiples of five, corresponding 
with the number of PJMs in the outer ring of the PJM cluster (five outer plus one center).  Likewise, 
symmetry in the spargers in the center of the vessel over the top of the PJMs is desirable.  The ROB and 
ZOI layout criteria used in the WTP vessel design basis should also be considered (i.e., minimize overlap 
of ZOIs and ROBs, optimally with sparger nozzles separated by 2/3 ZOI). 

B.1.3 Sparger Scaling in the PEP UFP-2 Vessel 

Figure B.1 is a flow diagram for the process of scaling sparger operating parameters and layout from 
the WTP- to PEP-scale UFP-2 vessels.  Input parameters include the established “design basis” sparger 
flow rates and sparge tube distribution in the full-scale WTP UFP-2 vessel.  After selecting an approach 
to scale the bubble mixing power or “mixing intensity” from WTP- to PEP-scale, the total sparge air feed 
flow rate required in the PEP-scale vessel is determined using calculations outlined in Section B.1.1.  
Finally, the number and distribution of spargers in the PEP vessel is set using guidelines described in 
Section B.1.2.  As shown in the scaling process flow diagram, mixing intensity is the primary 
consideration, and sparger spatial layout is a secondary, although important, factor.   
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Figure B.1. Process Flow Diagram for Scaling Sparger Operation and Layout in the PEP-Scale UFP-2 

Vessel 

B.1.3.1 UFP-2 Vessel Model and Sparger Design Basis 

Applying the equations above to estimate the sparge gas superficial velocity, the required sparge gas 
flow rate in the PEP vessel, and to layout the spargers in the reduced-scale UFP-2 model requires 
knowledge of the WTP-scale vessel configuration and operating parameters.  This includes slurry fill 
level, sparger depths, sparger coverage areas and volumes, and slurry physical properties.  The basis of 
values used in the PEP UFP-2 vessel sparger-scaling calculations is discussed in this section. 

Figure B.2 shows two simplified, but substantively to-scale, schematics of the full-scale UFP-2 
vessel.  The image on the left is derived from descriptions in Claghorn and Waddell1 and UFP-2 vessel 

                                                      
1  Claghorn R and P Waddell.  2007.  System Description for Pulse Jet Mixers and Supplemental Mixing Subsystems.  
24590-WTP-3YD-50-00003 Rev B, Bechtel National, Inc., Richland, Washington. 
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drawings.1,2  Claghorn and Waddell is the source of the design-basis sparger operating conditions 
including 360 scfm total sparge gas flow rate, a slurry density of 1.35 kg/L, and a slurry fill level of 
2.35 Hsl/D (= slurry depth to tank bottom/vessel diameter).  The 2.35 Hsl/D corresponds to filling the 
vessel with slurry to the elevation of the overflow port.3   

In normal operation, the nominal fill level is expected to be closer to 1.8 Hsl/D,4,5 as shown in the 
working UFP-2 vessel model on the right in Figure B.2.   
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Figure B.2. WTP UFP-2 Vessel Schematics for Original Design-Basis Operating Conditions (left:  
2.35 Hs/D overflow fill level and air spargers at 3 depths) and a Further Simplified Working 
Model (right:  1.8 Hsl/D nominal fill level with air spargers at two depths separately 
covering annular and central regions) 

The UFP-2 “design basis” sparger operating conditions6 specify gas flow rates to 16 spargers at three 
nozzle depths for ambient or relatively cool operating scenarios (e.g., 25°C) in which water vaporization 
is minimal.  To simplify calculations, it is reasonable to assume that the ten deep spargers in UFP-2, five 
each at two elevations differing by <4 in., can be represented by a set of spargers at a single elevation that 

                                                      
1  Khurana H.  2005a.  Equipment Assembly Ultrafiltration Feed Vessel UFP-VSL-00002B.  24590-PTF-MV-UFP-
00004 Rev. 4, Bechtel National, Inc., Richland, Washington.  
2  Khurana H.  2005b.  Layout of Internals Ultrafiltration Feed Vessel UFP-VSL-00002B.  24590-PTF-MV-UFP-
00018 Rev. 1, Bechtel National, Inc., Richland, Washington. 
3  The data table of Figure 6.13 of Claghorn and Waddell was used to calculate the elevation to the bottom of the 
overflow port (~32.83 ft) and thus the 2.35 Hsl/D (= 32.83 ft/14.0 ft).  The overflow port elevation was determined 
from the ratio of the standard sparge air flow rate, the actual flow rate at nozzle depth, and the specified nozzle 
elevation above the tank bottom.  This calculated overflow port elevation (32.83 ft) is consistent with the value of 
32.92 ft shown in Figure 5 of Kufahl (2003) and the 33.0-ft result estimated from scale drawings of UFP-2 (Khurana 
2005a).  Kufahl MA.  2003.  Vessel Sizing Calculations for UFP Ultrafiltration Vessels UFP-VSL-00002A/B.  
24590-PTF-M6C-UFP-00008 Rev. C, Bechtel National, Inc., Richland, Washington. 
4  Kufahl MA.  2003.  Vessel Sizing Calculations for UFP Ultrafiltration Vessels UFP-VSL-00002A/B.  24590-PTF-
M6C-UFP-00008 Rev. C, Bechtel National, Inc., Richland, Washington. 
5  Stiver B.  2007.  Functional Requirements for Pretreatment Engineering Platform (PEP).  24590-PTF-3YD-UFP-
00002, Rev 0, Bechtel National, Inc., Richland, Washington. 
6  Claghorn R and P Waddell.  2007.  System Description for Pulse Jet Mixers and Supplemental Mixing Subsystems.  
24590-WTP-3YD-50-00003 Rev B, Bechtel National, Inc., Richland, Washington. 
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give the same total actual flow rate at depth in acfm for a given standard feed flow rate in scfm.  This is 
depicted on the right side of Figure B.2, where the total sparge rate of 360 scfm is split between a 
representative deep sparger (294 scfm) and a representative shallow sparger (66 scfm).  The deep spargers 
are expected to affect the slurry volume in the annular region of the tank and the shallow spargers should 
mobilize slurry in the center of the tank above the PJM cluster.1   

The water vapor saturation partial pressure of the slurry is a key parameter in calculation of the sparge 
gas superficial velocity in hot slurries.2  In this report, the waste slurry composition during hot caustic 
leaching in UFP-2 is modeled as sodium hydroxide solution (NaOH).  It is understood that waste slurry 
containing a certain NaOH concentration may have a Psat value different than that for pure NaOH solution 
at that temperature because the slurry contains a mixture of dissolved salts that also influence Psat.  
However, since NaOH is a primary ionic component of the slurry, the pure NaOH model should give Psat 
values in the range expected during caustic leaching. 

B.1.3.2 Sparge-Gas Flow Rate and Mixing Intensity in the PEP UFP-2 Vessel 

Example calculations showing the relationship of sparge air flow rates to resulting sparge gas (air + 
water vapor) flow rates and mixing intensity are provided.  A recommended sparge air flow rate scaling 
approach is also described.  The recommended PEP UFP-2 vessel sparge air flow rates for use during 
ambient and high temperature processes are reiterated in a summary section. 

Sparge-Gas Flow Rate and Mixing Intensity Calculations 

Approaches for reducing the sparge air flow rate when sparging in hot slurries (e.g., during caustic 
leaching) while providing adequate mixing, minimizing undesired cooling, steam demand, and gas holdup 
(retained gas) are the subject of a letter report3.  In the full-scale WTP UFP-2 vessels, the selected 
approach is to match the superficial gas velocity (U*) of the hot system to that of the 25°C design basis 
system at specific reference elevations (z):  (a) 2/3 of the elevation from the deep, annular sparger 
nozzles; and (b) 1/2 of the elevation of the shallow, central spargers (which equals 0.85 of the deep 
sparger elevation for a vessel fill level to tank diameter ratio of 1.8 Hsl/D).  Generally, it is not possible to 
match the elevation-dependent superficial gas velocity profiles for hot systems and the 25°C design basis 
system throughout the sparged region, but calculations indicate that reasonable compromises are attained 

                                                      
1  See the WTP UFP-2 vessel drawings for the PJM dimensions and layout used in the following calculations 
(Khurana H.  2005a.  Equipment Assembly Ultrafiltration Feed Vessel UFP-VSL-00002B.  24590-PTF-MV-UFP-
00004 Rev. 4, Bechtel National, Inc., Richland, Washington; Khurana, H.  2005b.  Layout of Internals Ultrafiltra-
tion Feed Vessel UFP-VSL-00002B.  24590-PTF-MV-UFP-00018 Rev. 1, Bechtel National, Inc., Richland, 
Washington; Khurana H.  2005c.  Sections and Details Ultrafiltration Feed Vessel UFP-VSL-00002A & B.  24590-
PTF-MV-UFP-00017 Rev. 1, Bechtel National, Inc., Richland, Washington.).  The area over the PJMs covered by 
the shallow spargers is the PJM circle (6 ft, 2 in. diameter) + ~60% x 5 PJMs × ~2 ft, 10 in. OD each (2 ft, 8 in. ID + 
1 in. wall estimated).  This is the approximate area covered by the PJM shroud plus the protrusion of the five outer 
PJMs beyond the shroud circumference (= the PJM centerline).  In this way, it is estimated that 68.3 and 31.7% of 
the vessel sectional area is covered by the deep and shallow spargers, respectively.  Considering these area ratios 
and the slurry depth from the nozzle tips to the surface for a 1.8 Hsl/D fill level, 88% of the slurry volume affected 
by the spargers is in the annular region, and 12% is in the central region above the PJMs. 
2  In these calculations, the water content of feed sparge air is assumed to be negligible (compared to the saturation 
partial pressure of water in hot waste slurries); the feed air is considered “dry.” 
3  Rassat SD.  August 2007.  A Scaling Approach for Full-Scale Sparger Operations in the UFP-2 Vessel.  
WTP-RPT-162, Pacific Northwest National Laboratory, Richland, Washington. 
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using these scaling criteria.  Since PJMs will provide significant mixing effectiveness in the lower third to 
half of the UFP-2 vessel, sparger performance is of greatest importance above this region (provided that 
spargers also circulate fluid to and from the PJM cavern).   

Such an approach is used here to specify sparge air feed flow rates in the PEP UFP-2 vessel at 
ambient temperature and at the proposed caustic leaching temperature, 100°C.1  Figure B.3 shows 
calculated results at the design basis temperature (25°C) for 1.35-kg/L slurry filled to a level of 1.8 Hsl/D.   
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Figure B.3. Superficial Sparge Gas Velocity as a Function of Sparge Air Flow Rate and the Fractional 

Elevation above the Deep Sparger Nozzle Depth z/H in the WTP and PEP UFP-2 Vessels at 
25°C:  Upper - in the Annular, Deep Sparger Region; Lower - in the Central, Shallow 
Sparger Region (assuming the sparge bubbles remain “dry” = “air only;” 1.8-Hsl/D fill level; 
1.35-kg/L slurry density.  Resolution in plotted z/H values results in sloping of the “step 
function” in U* near the shallow sparger nozzle elevation.) 

                                                      
1  Olson JW and EJ Slaathaug.  2007.  Design Evaluations Supporting Resolution of External Flowsheet Review 
Team (EFRT) Issue M12 and Plant Capacity Issues Related to Ultrafiltration and Leaching.  24590-WTP-RPT-
ENG-06-014 Rev. 0, Bechtel National, Inc., Richland, Washington.  
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It shows separately for the annular deep sparger region and the central shallow sparger region the sparge 
gas superficial velocity as a function of the fractional elevation (z/H) above the deep sparger nozzle depth 
(H).  A step-function in U* in the shallow sparger region occurs at just over 0.70 z/H corresponding to the 
elevation at which air is introduced.  The full-scale WTP design basis (360 scfm total = 294 scfm deep + 
66 scfm shallow) is compared to the PEP-scale at reduced total flow rates chosen to match the design 
basis U* values according to the following criteria: 

• Matching U* at Intermediate Depths – 14.8 scfm total sparge air (11.9 scfm to the deep annular 
spargers + 3.0 scfm to the shallow central spargers) is needed to match the design basis U* value at 
the proposed WTP UFP-2 vessel reference elevations (1.09 cm/s at 0.67 z/H for the deep spargers and 
0.61 cm/s at 0.85 z/H for the shallow spargers).   

• Matching U* at Nozzle Depth – 11.8 scfm total sparge air (= 9.1 scfm to the deep annular spargers + 
2.7 scfm to the shallow central spargers) is needed to match U* at the nozzle elevation of the WTP 
design basis system (0.74 cm/s for the deep spargers and 0.54 cm/s for the shallow spargers).   

Matching U* at intermediate depth (0.67 z/H for the deep spargers and 0.85 z/H for the shallow 
spargers) is a compromise in which the calculated superficial velocity of the PEP system is greater than 
the WTP system below the reference elevation and lower above it.  On average, the bubble mixing power 
in the two systems is about equal using this scaling approach (14.8 scfm total in the PEP).  Matching U* at 
nozzle depth leads to relatively less “mixing intensity,” as determined by the U* profile, throughout the 
slurry depth in the PEP vessel.  Operating the PEP system with this reduced sparge air flow rate 
(11.8 scfm total) for low temperature processes is conservative from a bubble mixing power perspective.  
However, the blend time would still be less than that for the WTP system with either of these PEP sparge 
rates (see Appendix A, Section A.2.6.1).  

A third approach (not shown in Figure B.3) is to match U* of the WTP design basis at the slurry 
surface.  In this case, PEP sparge rates are calculated by simple area scaling of the WTP vessel standard 
sparge air flow rate using a scale factor S of 4.5 (i.e., 17.8 scfm total = 360 scfm total/4.5^2).  This 
reduced sparge rate (17.8 scfm total = 14.5 scfm deep + 3.3 scfm shallow) results in a superficial velocity 
profile greater than the WTP-scale design basis throughout the PEP vessel and is, therefore, not 
conservative.   

As shown in Figure B.4, applying the full-scale superficial velocity matching criteria to the PEP 
under nominal operating conditions of 100°C in 5.0-M NaOH results in a surprisingly good match to the 
25°C WTP design basis U* profile.  (The short, dashed line is almost indistinguishable from the heavy 
solid line representing the design basis.)  The agreement is much better than that obtained in the WTP-
scale hot reference case.  The PEP profile is flatter because of the much more limited change in pressure 
from the sparge nozzles to the surface in the small-scale system (factor of ~1.2 maximum instead of ~1.9 
at full scale).  However, compared to Figure B.3, the PEP U* profile in hot slurry of Figure B.4 increases 
more with elevation than in the 25°C PEP cases.  This is due to the increasing water vapor enhancement 
of sparge gas flow rate near the surface, where Psat approaches the ambient headspace pressure [e.g., 
Equation (B.10)].  

Other methods to scale bubble mixing power in the hot PEP are possible.  For example, a total sparge 
air flow rate of 5.1 scfm (= 4.4 scfm deep + 0.75 scfm shallow) is needed in the PEP to match U* at the 
slurry surface of the hot WTP-scale system at reduced sparge rate (104 scfm total air in; U* at the surface 
is 2.84 cm/s for the deep spargers and 1.05 cm/s for the shallow spargers).  These equivalent PEP sparge  
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Figure B.4. Superficial Sparge Gas Velocity as a Function of the Fractional Elevation above the Deep 

Sparger Nozzle Depth z/H for Design Basis and Hot Operating Conditions in WTP and PEP 
UFP-2 Vessels:  Upper Figure - in the Annular, Deep Sparger Region; Lower Figure- in the 
Central, Shallow Sparger Region (100°C, 5.0-M NaOH gives 616-mm Hg Psat; assume the 
sparge gas is saturated with water vapor at the slurry T, except that it is “dry” = “air only” at 
25°C; 1.8-Hsl/D fill level; 1.35-kg/L slurry density.  Resolution in plotted z/H values results 
in sloping of the “step function” in U* near the shallow sparger nozzle elevation.) 
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rates are calculated by simple area scaling of the WTP- and PEP-scale vessels using a scale factor S of 4.5 
(i.e., 5.14 scfm total = 104 scfm total/4.5^2).  Another approach is to match U* at the sparger nozzle depth 
of the hot full-scale system at reduced sparge rate (104 scfm total).  This results in a superficial velocity 
profile lower than the WTP design basis throughout the vessel and is not considered further. 

The analyses described above pertain to “normal” sparger operations.  If the waste fill level is less 
than 1.4 Hsl/D, an “idle” air sparge rate of ~2 scfm per tube or 32 scfm total is specified for the WTP 
UFP-2 vessels.1  Scaling by the vessel area ratio, the corresponding idle sparge-air-flow rate in the PEP is 
1.6 scfm total (= 32 scfm total/4.5^2).  This is equivalent to matching the idle sparge-gas superficial 
velocity at the surface in the WTP and PEP vessels, and it results in a maximum (non-conservative) idle 
sparge rate in the PEP vessel.  Alternatively, a nominal idle sparge air flow rate in the PEP can be set 
based on matching U* at an intermediate elevation as described above.  The equivalent idle sparge rate in 
the PEP is 1.3 scfm (= 32-scfm WTP idle sparge air * [14.8-scfm PEP normal sparge air / 360-scfm WTP 
normal sparge air]).   

Claghorn and Waddell1 did not specify a split of the idle sparge air between deep and shallow 
spargers but rather gave a constant per-tube value.  If the nominal idle sparge air were to be split 
proportional to the flow rates in normal WTP and PEP operations, 1.06-scfm air would go to the deep 
spargers and 0.26 scfm to the shallow spargers in the PEP.  A per-tube idle sparge rate in the PEP can 
only be determined after the total number of sparge tubes in the PEP is specified.  Assuming six sparge 
tubes (see Section B.3.3), the per tube idle air sparge rate is 0.22 scfm. 

Sparge Air Flow Rate Summary 

In summary, the following PEP UFP-2 vessel sparge air flow rates are recommended to produce 
nominal bubble mixing power equal to that in the WTP vessel for the same conditions: 

• Normal Operation at 25°C—14.8 scfm total sparge air = 11.9 scfm to the deep annular spargers + 
3.0 scfm to the shallow central spargers; independent of slurry composition (i.e., negligible water 
vaporization assumed) 

• Normal Operation at 100°C in 5.0-M NaOH Slurry—2.8 scfm total sparge air = 2.3 scfm to the deep 
annular spargers + 0.5 scfm to the shallow central spargers 

• Idle Operation—1.32 scfm total sparge air = 1.06 scfm to the deep annular spargers + 0.26 scfm to 
the shallow central spargers (or on a per tube basis, 1.32 scfm divided by the total number of PEP 
spargers = 0.22 scfm/tube for six PEP spargers) 

Except for idle operation, these sparge rates were determined by matching the calculated WTP design 
basis sparge gas superficial velocity at specified elevations:  1.09 cm/s at 2/3 of the elevation above the 
deep sparger nozzles; and 0.61 cm/s at 1/2 of the elevation (=1/2 depth) of the shallow spargers (which 
equals 0.85 of the deep sparger elevation for a vessel fill level to tank diameter ratio of 1.8 Hsl/D).  As 
noted in the calculations above, higher or lower total sparge rates can be specified to produce reasonably 
less or more conservative “mixing intensity” in the PEP UFP-2 vessel.  For example, a total sparge air 
flow rate of 11.8 scfm (instead of 14.8 scfm) could be used at 25°C; it is based on matching the WTP 
design basis superficial velocity at sparger nozzle depth. 
                                                      
1  Claghorn R and P Waddell.  2007.  System Description for Pulse Jet Mixers and Supplemental Mixing Subsystems.  
24590-WTP-3YD-50-00003 Rev B, Bechtel National, Inc., Richland, Washington. 
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Operationally, the higher sparge rates based on 25°C scaling could be used in low-temperature 
processes, while heating to caustic leaching temperature, and during cool down if enhanced evaporative 
cooling is required.  During heat up (and cool down), a transition temperature (e.g., 90°C) can be 
specified where the sparge flow rate is switched from the high set point to the lower flow rate based on 
nominal leaching conditions (e.g., 100°C, 5.0-M NaOH slurry).  An alternative to this bimodal approach 
is to define condition-dependent flow rates.  Equation (B.9), or more generally Equations (B.5) and (B.6), 
can be applied to determine the sparge air flow rates required to produce specified U* values for any given 
slurry density, fill-level, temperature, and saturation partial pressure.  Likewise, these equations [and 
Equation (B.10)] can be used to calculate an expected sparge gas superficial velocity for given sparge air 
flow rates and slurry properties. 

B.1.3.3 Layout of Spargers in the PEP UFP-2 Vessel 

The previous section provided guidance on PEP-scale UFP-2 sparge air flow rates for low-temperature 
operations and for higher temperature processes such as caustic leaching.  In this section, the number and 
layout of spargers in the PEP vessel is addressed.  In this example, the recommended nominal sparge air 
flow rates for 25°C operation, 14.8-scfm total in the PEP vessel and 360-scfm total in the WTP vessel, are 
used as calculation bases.  The general approach and specific calculations are discussed in Section B.2. 

The full-scale WTP vessel uses 16 spargers:  six shallow central spargers above the PJM cluster; five 
deep “type 1” annular spargers at 67-in. radius; and five deep “type 2” annular spargers at 75-in. radius.1  
Table B.1 summarizes the split of the total 360 scfm WTP design basis flow rate amongst these spargers 
and the corresponding calculated ROB and ZOI diameters.  As noted previously, the WTP vessel spargers 
are distributed such that the nozzles are separated by 2/3 of the calculated ZOI diameter, DZOI.  In this 
way, ZOI circles of neighboring spargers just meet adjacent ROB circles, as projected on the slurry 
surface, and the upward flow of bubbles and slurry in ROBs interferes minimally with the downward 
recirculation in ZOIs. 

Table B.1. ROB and ZOI Diameters for the PEP UFP-2 Vessel for Varying Numbers of Spargers 
Compared to the WTP Full-Scale Design Basis 

Sparge Rate (scfm) Diameter (in) 
Case 

Sparger 
Location, Type 

No. of 
Spargers Per Tube Total ROB ZOI 2/3 ZOI 

Deep, type 1 5 39 194 31 94 63 
Deep, type 2 5 20 100 24 75 50 

Shallow 6 11 66 23 71 47 

25°C WTP Scale; Design 
Basis 

All 16 N/A 360 N/A N/A N/A 
Deep, type 1 5 1.6 7.8 12 37 25 
Deep, type 2 5 0.8 4.0 10 30 20 

Shallow 6 0.5 3.0 8 26 17 
All 16 N/A 14.8 N/A N/A N/A 

Deep 5 2.4 11.9 14 43 29 
Shallow 1 3.0 3.0 16 48 32 

All 6 N/A 14.8 N/A N/A N/A 
Deep 3 4.0 11.9 16 51 34 

Shallow 1 3.0 3.0 16 48 32 

25°C PEP Scale; 
U* matched at reference 
elevations:  0.67 of deep 
sparger elev. & 0.5 of 
shallow sparger elev. 

All 4 N/A 14.8 N/A N/A N/A 

                                                      
1  Claghorn R and P Waddell.  2007.  System Description for Pulse Jet Mixers and Supplemental Mixing Subsystems.  
24590-WTP-3YD-50-00003 Rev B, Bechtel National, Inc., Richland, Washington. 



 

B.15 

An equivalent analysis was completed for the PEP vessel using all 16 spargers, and the results are 
shown in Table B.1.  The PEP vessel is approximately 37-in. inside diameter (= 14.0 ft/4.5 scale factor), 
with a corresponding circumference of ~117 in.  The ten deep spargers, which are distributed uniformly in 
an angular sense (36° between each), have overlapping calculated ROB circles (DROB of 10 to 12 in.) 
when laid out on the PEP-scale deep sparger nozzle circles (type 1:  14.9-in. radius and 94-in. circum-
ference; and type 2:  16.7-in. radius and 105-in. circumference).  Clearly, the still-larger calculated ZOI 
circles in the PEP overlap more than prescribed as the basis for sparger layout in the WTP vessel.  

As noted in the scaling-analysis above (Section B.1.2), the number of spargers required to provide 
proportional ROB and ZOI area coverage to the WTP-scale system is expected to decrease in the PEP 
UFP-2 vessel.  Results are tabulated in Table B.1 for six total (five deep + one shallow) and four total 
(three deep + one shallow) spargers in the PEP vessel.  The calculated ROB diameter of a single shallow 
sparger is essentially equal to the diameter of the circle on which the PJMs are located (~16 in.), at the 
boundary of the area covered by deep spargers.  Therefore, multiple shallow spargers should not be 
required; a single sparger centered over the PJM cluster is sufficient.  Based on the calculated ROB and 
ZOI diameters, the results suggest that four spargers may be adequate, although the symmetry provided 
by the five deep spargers in the six sparger system is preferred.  In addition to symmetry, another practical 
consideration is making use of the (scaled) radial and angular sparger locations in the PEP.  The five deep 
PEP spargers would most logically be placed in the “type 1” positions, which are set in between adjacent 
PJMs (~15-in. radius, 72° angular distribution).   

If the more conservative 25°C PEP vessel sparge air flow rate of 11.8 scfm (based on matching the 
WTP design basis superficial velocity at nozzle depth) is used in the analysis, similar conclusions are 
drawn regarding the recommended number and locations of spargers. 
 
B.2 Steam Ring Purge Air Scaling 

The replacement of single-point steam injectors with multiple-orifice steam rings in the UFP-1 and 
UFP-2 vessels introduces another source of sparge air.  While a key purpose of the air flow to the steam 
rings in the WTP UFP vessels is to prevent the back-flow of slurry into the rings when steam is not 
flowing,1 the mixing energy contributions are a more significant factor for establishing purge air flow 
rates in the PEP UFP vessels.  An optimal PEP steam ring system design would address both the back-
flow prevention and mixing criteria.  However, as noted below, the as-built PEP vessel steam rings 
preclude proper scaling of the purge air flow rates to simultaneously satisfy both requirements.  Since 
back-flow prevention is a lesser factor in the more readily accessible PEP system processing non-
radioactive simulant slurries, and so as not to “overmix” the PEP UFP vessels, purge air flow rates are 
recommended to produce comparable mixing intensity.  

B.2.1 Purge Air Nozzle Velocity 

Preventing back-flow of slurry into the orifices of the steam ring using purge air is a function of the 
air velocity through the orifices (i.e., nozzles).  Assuming the steam rings are placed horizontally in the 

                                                      
1  The purpose and some operational details of the steam ring purge air systems in the WTP UFP vessels are 
described in the draft document “Steam Sparger Operation - 050708 draft.doc” attached in email from Bill Peiffer 
(Bechtel National, Inc., Richland, Washington) on 5/7/08 and 6/5/08.  Record copies are included in PNNL CCP-
WTPSP-456. 
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slurry at a fixed elevation within the UFP vessels and the hydrostatic pressure is equal at each of the nnoz 
symmetrically-distributed and uniformly-sized circular orifices, the effective average nozzle velocity unoz 
is given by 
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In this equation, Qtot is the total actual flow rate of air delivered to the steam ring and flowing through all 
nozzles, and Anoz is the cross-section of each orifice, which is also represented in terms of its diameter 
Dnoz.   

Here, it is assumed that purge air velocity at the nozzles is the primary consideration in preventing 
back-flow of slurry into the steam rings.  To maintain a constant nozzle velocity in the WTP and PEP 
UFP vessel steam ring systems, the combination of number of nozzles, nozzle diameter, and actual air 
flow rate at the steam ring depth must satisfy Equation (B.21).  Preliminary WTP UFP vessel steam ring 
design information suggests that a minimum target velocity of 70 ft/s through more than one hundred 
1/8-in. diameter orifices will be required.1  The number and size (also 1/8-in. diameter) of the PEP UFP 
vessel steam ring orifices has been defined in as-built drawings,2 leaving air flow rate as the only design 
variable to achieve the target velocity.  Since the WTP and PEP steam ring purge orifices have the same 
cross-section, the PEP and WTP vessel purge air flow rates are related as follows at constant nozzle 
velocity 
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Substituting the preliminary (WTP) and as-built (PEP) steam ring system design information1,2 into 
Equation (B.22) results in estimated PEP vessel air flow rates of  24.3 acfm in UFP-1 and 13.2 acfm in 
UFP-2 to achieve a nozzle velocity of 70 ft/s.3  As shown in the following section, these flow rates are 
about six- to eight-times higher than those needed to achieve comparable purge-air induced bubble 
mixing intensity in the WTP and PEP UFP vessels. 

                                                      
1  Operational details of the steam ring purge air systems in the WTP UFP vessels are described in the draft 
document “Steam Sparger Operation - 050708 draft.doc” attached in email from Bill Peiffer (Bechtel National, Inc., 
Richland, Washington) on 5/7/08 and 6/5/08, and in an email from Douglas Vo (Bechtel National, Inc., Richland, 
Washington) on 3/19/08.  The latter specifies the number of 1/8-in. diameter orifices (150 in UFP-1 and 120 in 
UFP-2) as well as the nominal actual air flow rates (53.662 acfm in UFP-1 and 42.930 acfm in UFP-2) necessary to 
achieve a 70 ft/s target nozzle velocity [which was confirmed using Equation (B.21)].  Record copies of the emails 
and attachment are included in PNNL CCP-WTPSP-456. 
2  The Tessenderlo Kerley Services as-built drawing P4-T01A-Sparg-SHT 3, Rev 0 for the PEP UFP-1 prototype 
vessel (UFP-VSL-T01A) shows sixty eight (68) 1/8-in. diameter orifices in the steam ring, and the as-built drawing 
P5-T02A-Sparg-SHT 2, Rev 0 for the PEP UFP-2 prototype vessel (UFP-VSL-T02A) shows forty (40) 1/8-in. 
diameter orifices in the steam ring. 
3  In UFP-1, Qtot,PEP = 24.3 acfm = 53.662 acfm * (68/150); and in UFP-2, Qtot,PEP = 13.2 acfm = 42.930 acfm * 
(40/120) 
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B.2.2 Purge Air Mixing Intensity 

The scaling of steam ring purge air flow rates in the PEP UFP vessels to match the expected mixing 
energy produced by the corresponding WTP systems is analogous to that shown above for the dedicated 
air spargers in UFP-2.  In each of the WTP and PEP UFP-1 and UFP-2 vessels, the steam rings are 
located in the annular space between the outside of the PJMs and the inner vessel wall surface at an 
elevation above the lower vessel tangent line where the 2:1 semi-elliptical bottom head transitions to a 
vertical cylinder.1  Consistent with the analysis of the “deep” UFP-2 spargers in Section B.1.3, the steam 
ring purge air is assumed to provide mixing in the annular volume of slurry between the nozzle depth and 
the slurry surface in each of the UFP vessels.  In Section B.1.3.1, the annular area affected by the deep 
spargers is estimated as 68.3% of the UFP-2 vessel cross-section, and this same area is assumed to be 
impacted by steam ring purge air.  Likewise in UFP-1, the annular area is estimated to be 56.7% of the 
vessel cross-section.2 

Like the earlier analysis of dedicated UFP-2 spargers, steam ring purge air flow rate scaling in each of 
the UFP vessels is considered for a set of bounding and nominal conditions.  In all cases, the PEP vessel 
air flow rates are based on matching the superficial gas velocity U* to those estimated for comparable 
conditions in the WTP vessels:  

• 25°C operation – neglecting evaporation of water into sparge air bubbles and assuming no change in 
air temperature: 

– Matching U* at Nozzle Depth 

– Matching U* at Intermediate Depth – selecting a reference elevation at which both the local 
superficial velocity [Equation (B.5)] and the integrated bubble power per unit volume of affected 
slurry [PbV, Equation (B.4)] are nominally the same in the WTP and PEP vessels 

– Matching U* at the Slurry Surface 

                                                      
1  The location of the steam rings in the WTP UFP vessels is noted to be 3 ft above the vessel tangent line and 6 in 
inside of the vessel shell as described in the draft document “Steam Sparger Operation - 050708 draft.doc” [attached 
in email from Bill Peiffer (Bechtel National, Inc., Richland, Washington) on 5/7/08 and 6/5/08; record copies are 
included in PNNL CCP-WTPSP-456.].  Per the Tessenderlo Kerley Services as-built drawing P4-T01A-Sparg-SHT 
2, Rev 0 for PEP UFP-1, a 50-in. diameter steam ring in the 54-in. inside diameter vessel is 10.75 in. above the 
lower tangent line; and per the as-built drawing P5-T02A-Sparg-SHT 2, Rev 0 for PEP UFP-2, a 26.875-in. diameter 
steam ring in the 37.375-in. inside diameter vessel is 8 in. above the lower tangent line.  
2  With reference to WTP UFP-1 vessel drawings (e.g., UFP-VSL-00001B Drawing No. 24590-PTF-MV-UFP-00002, 
Rev. 2, Bechtel National, Inc., Richland, Washington), the “annular” region between the vessel wall and the outside 
of the eight 36-in. I.D. PJMs (in two groups of four) is roughly given by a “square in a circle”.  Considering the four 
PJMs with centers located at a radius of 6 ft-8 in. and separated angularly by 90°, the vertices of the “square” 
measured on diagonals from the center of the tank through the center of the PJMs to the outside edges of the PJMs 
(1-in. wall thickness assumed) are 8 ft-3 in. (= 6 ft-8 in. + 36 in./2 + 1 in.).  The area of a square defined by half-
diagonals of length 8.25 ft is 136 ft2 [= 4*0.5*(8.25 ft)2].  By difference, the annular region outside the square is 
estimated to be ~178 ft2 of the vessel cross-section [314 ft2 = π*(20 ft)2/4].  The perimeter of the square drawn on a 
sectional view of the vessel cuts through the outer portions of each of the eight PJMs; this included PJM area, which 
clearly is impervious to sparger activity, is compensated by open area between the PJMs where the sparger influence 
could extend inward (in the square).  The approximate area fraction of steam ring purge air influence is 0.567 
(= 178 ft2/314 ft2), and because of linear geometric scaling of the vessels, it is assumed to apply to the PEP UFP-1 
vessel as well.   
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• 100°C operation – considering expansion of sparge air bubbles due to temperature changes and 
evaporation of water from a slurry of nominal composition (e.g., 5-M NaOH solution) into the bubbles: 

– Matching U* at Intermediate Depth – using the reference elevation established to match U* and 
PbV for 25°C operations 

As with the UFP-2 sparger analysis of Section B.1.3.2, matching U* at intermediate depth is the basis for 
the final recommended PEP flow rates.  Other matching criteria are assessed for completeness and to 
provide upper bounds on the PEP vessel flow rates. 

Unlike the analysis of dedicated spargers in UFP-2, the WTP vessel steam ring purge air flow rates 
are not expected to be adjusted as a function of slurry temperature.  This is so because the primary 
purpose of the purge air flow is preventing back-flow of slurry into the steam rings, not mixing the slurry 
in the vessel.  Therefore, in the purge air flow rate scaling analysis, only the PEP vessel flow rates are 
adjusted to match the calculated U* of the corresponding WTP UFP vessel for the specified operating 
conditions.  The WTP vessel purge air flow rates are the proposed nominal values in standard units, 
87.687 scfm in UFP-1 and 70.15 scfm in UFP-2.1   

In the sections below, steam ring purge air flow rate scaling analysis details are outlined for each 
vessel type.  The resulting recommendations for PEP vessel flow rates are summarized in a separate 
section.  The following simplifying assumptions are applied to both the UFP-1 and UFP-2 purge air 
scaling calculations:   

• Standard state – The “standard” gas reference state is assumed to be 25°C and 1.0 atm; this applies to 
flow rates given in scfm (standard cubic feet per minute). 

• Ambient pressure   – For the purpose of these calculations, the ambient pressure in the vessel 
headspace above the slurry, Pa, is assumed to be 1.0 atm (760 mm Hg). 

• Effective saturation partial pressure   – In 25°C operation calculations, the air bubbles are assumed to 
be dry such that the effective saturation partial pressure (ηPsat) is 0.  At 100°C, Psat is assumed to be that 
for a slurry composition equivalent to 5-M sodium hydroxide solution, and the saturation fraction η in 
the bubbles is assumed to be 1, giving an effective saturation partial pressure of 616 mm Hg (0.81 atm). 

B.2.2.1 Purge-Gas Flow Rate and Mixing Intensity in the PEP UFP-1 Vessel 

To relate the standard volumetric flow rate of purge air to the actual flow rate of gas (air and water 
vapor) at any elevation between the steam ring and the slurry surface [Equation (B.10)], or inversely, to  

                                                      
1  “Preliminary” WTP UFP vessel steam ring system operational parameters, including nominal standard and actual 
air flow rates, are provided in an email from Douglas Vo (Bechtel National, Inc., Richland, Washington) on 3/19/08.  
Here, the standard flow rates in the email are used as “proposed values” and actual flow rates as a function of depth 
in the slurry, slurry physical properties, and other assumed operating conditions are calculated.  A record copy of the 
email is included in PNNL CCP-WTPSP-456.       
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determine the standard flow rate required to achieve a specified superficial velocity [Equation (B.9)], the 
following system information is required:  

• Total slurry depth – In the WTP UFP-1 vessel, the nominal batch height is given in a vessel sizing 
calculation as 24.88 ft (7.58 m).1  This results in a fill height to vessel diameter aspect ratio of 1.24 
(= Hsl/D = 24.88 ft/20.0 ft).2  Using a linear geometric scale factor of 4.5 to estimate the PEP vessel 
diameter (53.33 in., compared to an as-built value of 54 in.) and applying the Hsl/D factor gives a PEP 
UFP-1 total slurry depth of 5.53 ft (1.69 m).  The same result is obtained directly by dividing the 
WTP vessel total slurry depth by the scale factor. 

•  Steam ring depth – In the WTP UFP-1 vessel, the steam ring is assumed to be located 3 ft above the 
lower vessel tangent line,3 which corresponds to 8 ft (2.44 m) above tank bottom center (= 3 ft + 
20 ft/4, where the latter term is the inside height of a 2:1 semi-elliptical head in a 20-ft diameter 
vessel).  The steam ring depth, Hsr, is the total slurry depth minus the steam ring elevation from the 
tank bottom, 16.88 ft (= 24.88 ft – 8 ft; 5.15 m).  Using a scale factor of 4.5, the PEP UFP-1 steam 
ring depth is 3.75 ft (1.14 m).4  

• Effective sparge area  – As noted above, the effective sparge area for the steam rings in UFP-1 is an 
annular region covering 56.7% of the vessel cross section [178 ft2 in the WTP vessel and 8.79 ft2 
(= 178 ft2/(4.5)2) in the PEP vessel]. 

• Slurry density – The slurry in the WTP and PEP UFP-1 vessels is assumed to have a nominal density 
of 1.25 kg/L.5  This is less than in UFP-2 (1.35 kg/L assumed) as the solids content is expected to be 
lower in UFP-1.   

• WTP purge air flow rate – As noted above, the proposed nominal WTP UFP-1 vessel steam ring 
purge air flow rate is 87.7 scfm.  

Using this information and equations in Section B.1.1, the superficial velocity of the WTP vessel at 
various elevations [U*(z)] and operating conditions are evaluated.  Subsequently, the PEP vessel standard 
air flow rate required to match the superficial velocity of the WTP vessel is determined.  The UFP-1 
vessel results for the four cases identified in the introduction of Section B.2.2 are as follows: 

• 25°C Operation, Matching U* at the Slurry Surface – Neglecting bubble expansion due to water 
vapor at low temperature, the gas flow rate leaving the slurry surface is equal to the standard feed 

                                                      
1  Sheet 15 of Bauer, JM.  2008.  Vessel Sizing Calculations for Ultrafiltration Feed Preparation Vessels UFP-VSL-
00001A/B.  24590-PTF-M6C-UFP-00004 Rev. D, Bechtel National, Inc., Richland, Washington. 
2  The vessel inner shell diameter of 20 ft is taken from UFP-VSL-00001B Drawing No. 24590-PTF-MV-UFP-00002, 
Rev. 2, Bechtel National, Inc., Richland, Washington. 
3  The steam rings in the WTP UFP vessels are noted to be 3 ft above the bottom vessel tangent line in the document 
“Steam Sparger Operation - 050708 draft.doc” [attached in email from Bill Peiffer (Bechtel National, Inc., Richland, 
Washington) on 5/7/08 and 6/5/08].  Record copies are included in PNNL CCP-WTPSP-456. 
4  Per the as-built drawing P4-T01A-Sparg-SHT 2, Rev 0 for PEP UFP-1, the steam ring is 10.75 in. above the lower 
vessel tangent line.  Based on a geometric scale factor of 4.5, the PEP steam rings should be located only 8 in. above 
the tangent line (= 36 in the WTP vessel/4.5).  In PEP UFP-1 the steam ring is probably located slightly higher 
because of interference with other existing piping (shown in the drawing).  The 0.23 ft (2.75 in.) difference in scaled 
and as-built PEP nozzle depths has a negligible impact on the calculated purge air flow rates (<0.1 scfm).  
5  For example, sheets 13 and 14 of a UFP-1 cooling jacket design calculation specify a slurry specific gravity 
ranging from 1.188 to 1.268 for various vessel operating modes:  Kenworthy, L.  2004.  Design of a Cooling Jacket 
for Ultrafiltration Feed Preparation Vessels.  24590-PTF-MVC-UFP-00007 Rev. B, Bechtel National, Inc., 
Richland, Washington. 
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flow rate and U* is  0.25 cm/s.  The corresponding PEP air purge rate, 4.3 scfm, is calculated by 
simple area scaling of the WTP vessel standard purge air flow rate using a scale factor S of 4.5 [i.e., 
4.3 scfm = 87.7 scfm/(4.5)2].  

• 25°C Operation, Matching U* at Nozzle Depth – Neglecting bubble expansion due to water vapor at 
low temperature, the calculated gas flow rate at nozzle depth in the WTP vessel is 54.0 acfm and U* 
is 0.15 cm/s.  The corresponding PEP air purge rate is 3.0 scfm. 

• 25°C Operation, Matching U* at Intermediate Depth - Neglecting bubble expansion due to water 
vapor at low temperature, the calculated gas flow rate at a reference elevation of z/Hsr of 0.60 (i.e., 
60% of the steam ring depth above the nozzles or 40% of the steam ring depth below the surface) in 
the WTP vessel is 70.2 acfm and U* is 0.20 cm/s.  The corresponding PEP air purge rate is 3.7 scfm. 

• 100°C Operation, Matching U* at Intermediate Depth - Considering air bubble expansion due to 
thermal effects and due to the inclusion of water vapor in equilibrium with the slurry composition, the 
calculated U* is 0.71 cm/s at a reference elevation z/Hsr of 0.60 for a gas flow rate of 87.7 scfm in the 
WTP vessel.  The corresponding PEP air purge rate is 2.4 scfm. 

B.2.2.2 Purge-Gas Flow Rate and Mixing Intensity in the PEP UFP-2 Vessel 

Much of the information needed to estimate the scaled PEP UFP-2 vessel steam ring purge air flow 
rates is identical to that used in the analysis of dedicated sparger flow rates (Sections B.1.3.1 and B.1.3.2).  
This information and other parameters specific to the UFP-2 steam ring system are summarized below for 
convenience:  

• Total slurry depth – The WTP UFP-2 vessel batch height for a nominal slurry fill level of 1.8 Hsl/D is 
25.2 ft (7.68 m).  Using a linear geometric scaling factor of 4.5 gives a PEP UFP-2 total slurry depth 
of 5.60 ft (1.71 m).  

•  Steam ring depth – In the WTP UFP-2 vessel, the steam ring is assumed to be located 3 ft above the 
lower vessel tangent line,1 which corresponds to 6.5 ft (1.98 m) above tank bottom center (= 3 ft + 
14 ft/4, where the latter term is the inside height of a 2:1 semi-elliptical head in a 14-ft diameter 
vessel).  The steam ring depth, Hsr, is the total slurry depth minus the steam ring elevation from the 
tank bottom, 18.7 ft (= 25.2 ft – 6.5 ft; 5.70 m).  Using a scale factor of 4.5, the PEP UFP-2 steam 
ring depth is 4.16 ft (1.27 m).2  

• Effective sparge area  – As noted above, the effective sparge area for the steam rings in UFP-2 is an 
annular region covering 68.3% of the vessel cross section [105 ft2 in the WTP vessel and 5.2 ft2 (= 
105 ft2/(4.5)2) in the PEP vessel]. 

• Slurry density – The slurry in the WTP and PEP UFP-2 vessels is assumed to have a density of 
1.35 kg/L.   

• WTP purge air flow rate – As noted above, the proposed nominal WTP UFP-2 vessel steam ring 
purge air flow rate is 70.15 scfm.  

                                                      
1  The steam rings in the WTP UFP vessels are noted to be 3 ft above the bottom vessel tangent line in the document 
“Steam Sparger Operation - 050708 draft.doc” [attached in email from Bill Peiffer (Bechtel National, Inc., Richland, 
Washington) on 5/7/08 and 6/5/08].  Record copies are included in PNNL CCP-WTPSP-456. 
2  Per the as-built drawing P4-T02A-Sparg-SHT 2, Rev 0 for PEP UFP-2, the steam ring is 8 in. above the lower 
vessel tangent line, consistent with a geometric scale factor of 4.5 (i.e., 8 in. = 36 in the WTP vessel/4.5).  
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Using this information and equations in Section B.1.1, the superficial velocity of the WTP vessel at 
various elevations [U*(z)] and operating conditions are evaluated.  Subsequently, the PEP vessel standard 
air flow rate required to match the superficial velocity of the WTP vessel is determined.  The UFP-2 
vessel results for the cases of interest are as follows: 

• 25°C Operation, Matching U* at the Slurry Surface – Neglecting bubble expansion due to water 
vapor at low temperature, the gas flow rate leaving the slurry surface is equal to the standard feed 
flow rate and U* is 0.34 cm/s.  The corresponding PEP air purge rate, 3.5 scfm, is calculated by 
simple area scaling of the WTP vessel standard purge air flow rate using a scale factor S of 4.5 [i.e., 
3.5 scfm = 70.2 scfm/(4.5)2].  

• 25°C Operation, Matching U* at Nozzle Depth – Neglecting bubble expansion due to water vapor at 
low temperature, the calculated gas flow rate at nozzle depth in the WTP vessel is 40.2 acfm and U* 
is 0.19 cm/s.  The corresponding PEP air purge rate is 2.3 scfm. 

• 25°C Operation, Matching U* at Intermediate Depth – Neglecting bubble expansion due to water 
vapor at low temperature, the calculated gas flow rate at a reference elevation of z/Hsr of 0.60 in the 
WTP vessel is 54.0 acfm and U* is 0.26 cm/s.  The corresponding PEP air purge rate is 2.8 scfm. 

• 100°C Operation, Matching U* at Intermediate Depth – Considering air bubble expansion due to 
thermal effects and due to the inclusion of water vapor in equilibrium with the slurry composition, the 
calculated U* is 0.87 cm/s at a reference elevation z/Hsr of 0.60 for a gas flow rate of 70.2 scfm in the 
WTP vessel.  The corresponding PEP air purge rate is 1.8 scfm. 

B.2.2.3 Summary of Recommended Purge Air Flow Rates in the PEP UFP Vessels 

In the analyses above, the 25°C cases in which U* is matched at nozzle depth (z/Hsr = 0) and the 
slurry surface (z/Hsr = 1) provide lower and upper bounds for PEP UFP-1 steam ring purge air flow rates 
for low temperature operation.  Matching U* at intermediate depth (e.g., 0.60 z/Hsr) is a compromise in 
which the calculated superficial velocity of the PEP system is greater than the WTP system below the 
reference elevation and lower above it.  On average, the computed bubble mixing power in the PEP and 
WTP systems is about equal using this scaling approach.  In the cases detailed above, note that the 
superficial velocity, and therefore mixing power, is more than three-times greater at 100°C than at 25°C 
(e.g., 0.71 cm/s vs. 0.20 cm/s in UFP-1; and 0.87 cm/s vs. 0.26 cm/s in UFP-2).  This is due to thermal 
and water vapor enhancement of the purge air bubble volume at a high temperature and because the WTP 
vessel steam ring purge rate is assumed to be constant, independent of temperature. 

As noted in the two previous sections, the calculated average bubble mixing intensity in WTP and 
PEP UFP vessels is roughly equal if the purge gas superficial velocity U* is matched at a reference 
elevation of about 0.6 (z/Hsr).  The calculated PEP vessel purge air flow rates needed to match U* at an 
intermediate depth are summarized in Table B.2.  These are based on proposed WTP vessel purge air 
flow rates,1 which are also reproduced in the table.  To match the calculated WTP vessel U* when 
operating hot (e.g., 100°C), reduced PEP flow rates are recommended.  Following the guidance used for 
dedicated spargers in UFP-2 in Section B.1.3.2, one could consider using the higher PEP vessel purge air 
flow rate calculated for 25°C operation whenever the slurry temperature in the vessel is <90°C and use 
the lower air purge rate when the slurry temperature is ≥90°C.    

                                                      
1  “Preliminary” WTP UFP vessel steam ring purge air flow rates are provided in an email from Douglas Vo 
(Bechtel National, Inc., Richland, Washington) on 3/19/08.  A record copy is included in PNNL CCP-WTPSP-456.      
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Table B.2. Recommended Purge Air Flow Rates in the PEP UFP Vessels 

Nominal Steam Ring Air Purge Rate (scfm) 

UFP-1 UFP-2 Operating 
Temperature PEP WTP PEP WTP 

25°C  3.7 87.7 2.8 70.2 
100°C 2.4 87.7 1.8 70.2 

Table B.2 shows the recommended standard air flow rates.  The corresponding calculated actual air 
flow rates at the steam ring nozzle depth for 25°C operation are 3.2 acfm in UFP-1 and 2.4 acfm in 
UFP-2.  Note that the these flow rates are about a factor six- to eight-times less than the flow rate needed 
to achieve a nozzle velocity of 70 ft/s (Section B.2.1).  Therefore, the expected nozzle velocities in the 
PEP are reduced by this same factor.  These velocities (9 to 12 ft/s) are still significant and may be 
sufficient to prevent back-flow of slurry into the steam rings.  A lower velocity should be required in the 
PEP because the steam ring depth and hydrostatic pressure are reduced. 
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