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Summary 
 
 The U.S. Department of Energy must approve a performance assessment (PA) to support the design, 
construction, approval, and closure of disposal facilities for immobilized low-activity waste (ILAW) 
currently stored in underground tanks at Hanford, Washington.  A critical component of the PA is to 
provide quantitative estimates of radionuclide release rates from the engineered portion of the disposal 
facilities.  Computer simulations are essential for this purpose because impacts on groundwater resources 
must be projected to periods of 10,000 years and longer.  The computer code selected for simulating the 
radionuclide release rates is the Subsurface Transport Over Reactive Multiphases (STORM) simulator. 
 
 The STORM simulator solves coupled conservation equations for component mass and energy that 
describe subsurface flow over aqueous and gas phases through variably saturated geologic media.  The 
resulting flow fields are used to sequentially solve conservation equations for reactive aqueous phase 
transport through variably saturated geologic media.  These conservation equations for component mass, 
energy, and solute mass are partial differential equations that mathematically describe flow and transport 
through porous media. 
 
 The STORM simulator solves the governing-conservation equations and constitutive functions using 
numerical techniques for nonlinear systems.  The partial differential equations governing thermal and 
fluid flow processes are solved by the integral volume finite difference method.  These governing 
equations are solved simultaneously using Newton-Raphson iteration.  The partial differential equations 
governing reactive solute transport are solved using either an operator split technique where geochemical 
reactions and solute transport are solved separately, or a fully coupled technique where these equations 
are solved simultaneously. 
 
 The STORM simulator is written in the FORTRAN 77 language, following American National 
Standards Institute (ANSI) standards.  The simulator utilizes a variable source code configuration that 
allows tailoring of the execution memory and speed to the specific problem by editing text parameter files 
and recompiling the code.  Execution of the STORM simulator is controlled through a text input file.  
This input file uses a structured format of associated groups of input data.  Input data files and results are 
also presented for model verification and example simulations.  Appendix A to this report presents 
examples of the STORM Version 3.0 input data format for each of the groups. 
 
 A parallel version of the STORM simulator, STORM1m, may be compiled to run on any number of 
multiple processors.  Calls to the Message Passing Interface (MPI) libraries have been written directly 
into the FORTRAN 77 code.  Scripts for compiling and running on systems using the Linux operating 
system are provided in Chapter 6 of this report. 
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Acronyms and Abbreviations 
 
ANSI American National Standards Institute 
DOE Department of Energy 
Ecology Washington State Department of Ecology 
Eh electrode potential in volts 
EMSL Environmental and Molecular Sciences Laboratory 
L length 
IDF integrated disposal facility 
ILAW immobilized low activity waste 
LAW low activity waste 
M mass 
MSCF Molecular Science Computing Facility 
N/A not applicable 
ODE ordinary differential equation 
PA performance assessment 
PDE partial differential equation 
PNNL Pacific Northwest National Laboratory 
PUF Pressurized Unsaturated Flow (experiments) 
SI Systeme Internationale 
STDIO standard input/output device 
STOMP Subsurface Transport Over Multiple Phases 
STORM Subsurface Transport Over Reactive Multiphases 
STORM1 STORM mode with unsaturated flow 
STORM1m Parallel STORM mode with unsaturated flow 
STORM2 STORM mode with two-phase flow 
STORM3 STORM mode with two-phase flow and heat transfer 
T time 
TVD Total Variation Diminishing (transport scheme) 
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1.1 

1.0 Introduction 
 

The Hanford Site, in southeastern Washington State, has been used extensively to produce nuclear 
materials for the nation’s strategic defense arsenal by the U.S. Department of Energy (DOE) and its 
predecessors, the U.S. Atomic Energy Commission (AEC) and the U.S. Energy Research and 
Development Administration (ERDA).  Over the years, a large inventory of radioactive and mixed waste 
has accumulated in 177 buried single- and double shell tanks.  Liquid waste recovered from the tanks will 
be pretreated to separate the low-activity fraction from the high-level and transuranic wastes (Ecology 
1996).  Vitrification is the leading option for immobilization of these wastes and is expected to produce 
approximately 550,000 metric tons of low-activity waste (LAW) glass.  This total tonnage, based on 
nominal Na2O oxide loading of 20 percent by weight, is destined for disposal in a near-surface facility. 

Before disposal of the immobilized waste can proceed, DOE must approve a performance assessment, 
a document that describes the impacts, if any, of the disposal facility on public health and environmental 
resources.  Results from a recent performance assessment (Mann et al. 2001) lead to the conclusion that 
release rates of radionuclides from the glass waste form by reaction with water determines the effects of 
the disposal action more than any other independent parameters.  Consequently, a sound scientific basis 
for determining the long-term release rates of radionuclides from these glasses must be developed before 
this disposal action is accepted by regulatory agencies, stakeholders, and the public. 

The rate of glass corrosion depends on the temperature and the chemical composition of the water 
contacting it.  Because glass dissolution itself changes the pH and solution composition, water percolating 
through a disposal system has neither a constant nor a uniform composition.  Consequently, the glass 
corrosion rate in the disposal system also varies as a function of time and space.  Over the last several 
years, DOE has supported the development of a numerical simulator at Pacific Northwest National 
Laboratory (PNNL).  This simulator can compute time and spatial variations in the chemical environment 
of unsaturated disposal systems in response to the corrosion of waste forms as well as other physical and 
chemical processes (McGrail and Bacon 1998).  This report describes the latest accomplishments in the 
development of this computational tool, Subsurface Transport over Reactive Multiphases (STORM), 
Version 3.0, a parallel, coupled non-isothermal multiphase flow and reactive transport simulator.  It was 
developed by coupling STOMP, a non-isothermal multiphase flow simulator (White and Oostrom 1996), 
with AREST-CT Version 1.1, a reactive transport and porous medium alteration simulator (Chen et al. 
1995, 1997).  The general approach was coupling the two codes by making major modifications to 
AREST-CT subroutines and modifying STOMP routines as little as possible. 

The underlying mathematics in STORM is contained in a set of coupled, nonlinear, partial differential 
equations.  They describe the rate of change of the solute concentrations of pore water in a variably 
saturated, non-isothermal porous medium and the alteration of waste forms, packaging materials, backfill, 
and host rocks.  The detailed mathematics is discussed elsewhere (Chen et al. 1996; White and Oostrom 
1996).  STORM capabilities include: 

 kinetic dissolution of waste forms 

 kinetic dissolution of host rocks 

 kinetic precipitation and dissolution of secondary phases 



 

1.2 

 aqueous equilibrium speciation 

 gas-aqueous equilibria 

 redox reactions 

 two-phase flow (water and air) 

 dynamic hydraulic properties. 
 
 Other physical and chemical features of the code are: 

 1-D (vertical Z-axis) or 2-D (X-Z Plane) solution domains 

 general interface to take user specified chemistry and hydraulic properties 

 non-isothermal multiphase flow and chemistry 

 ionic strength correction according to modified B-dot equation 

 spatially varying distribution of minerals in solid phase 

 effective reaction surface varies with dissolution and precipitation of solids. 
 
 The primary output of STORM, as a function of time and space, consists of the following: 

 concentrations of aqueous species 

 concentrations of gaseous species 

 release flux of aqueous species and chemical components 

 pH and Eh 

 radii, surface areas, and volume fractions of solids 

 dissolution/precipitation rates of solids 

 production/consumption rates of aqueous species, including water 

 temperature 

 porosity and permeability 

 aqueous phase saturations, velocities 

 gas phase saturations, velocities. 
 

Section 2 of this document describes the equations that govern STORM, and Section 3 describes the 
numerical solution methods.  Section 4 contains information on the input file structure, and Section 5 
presents details of the parameter files.  Compilation and execution are described in Section 6 and 
generation of output files in Section 7.  Section 8 contains model verification, section 9 performs an 
example simulation, and Section 10 contains cited references.  Supporting documentation may be found 
in the appendixes.   



 

2.1 

2.0 Governing Equations 
 

2.1 Multiphase Flow and Heat Transfer 

In broad terms, the STORM simulator solves coupled conservation equations for component mass and 
energy that describe subsurface flow over multiple phases through variably saturated geologic media.  
The resulting flow fields are used to sequentially solve conservation equations for reactive aqueous phase 
transport through variably saturated geologic media.  These conservation equations for component mass, 
energy, and solute mass are partial differential equations.  They mathematically describe flow and 
transport through porous media and are collectively entitled “the governing equations.”  The STORM 
simulator has capabilities for modeling subsurface flow over two distinct phases:  aqueous and gas.  The 
aqueous phase primarily comprises liquid water with small quantities of dissolved air.  The gas phase 
comprises variable amounts of air and water vapor. 

It is possible to compile three modes of STORM:  STORM1 (unsaturated flow), STORM2 (2-phase 
flow), and STORM3 (2-phase flow and heat transfer).  STORM1 provides the fastest execution time if 
gas-phase flow and heat transfer are major considerations. 

2.1.1 Water Mass Conservation Equation 

The water mass conservation equation, shown in Equation (2.1), equates the time rate of change of 
water mass within a control volume with the flux of water mass crossing the control volume surface.  In 
the STORM simulator, water exists in the diffusive pore space as liquid water in the aqueous phase and as 
water vapor in the gas phase.  Phase partitioning of water mass is computed assuming equilibrium 
conditions, implying the time scale for establishing thermodynamic equilibrium is significantly shorter 
than for component transport.  Water transport occurs by advection through the aqueous and gas phases 
and also by diffusion-dispersion through the gas phase.  Following the low solubility assumption for 
dissolved air in the aqueous phase, air diffusion-dispersion through the aqueous phase is neglected.  Flow 
of fluid phases is computed from Darcy’s law.  Transport of phase components is computed from 
Fick’s law: 

 ( ) ( )
 , ,

  w w w w
D

g g
s m

t γ γ γ γ γ
γ γ

∂ φ ω ρ
∂ = =

⎡ ⎤
= − ∇ + ∇ +⎢ ⎥
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where 

 Dφ  = diffusive porosity 

 j
γω  = mole fraction of component j in phase γ 

 ργ = phase density for phase γ, kg m-3 
 sγ = phase saturation for phase γ 
 j

γF  = advective flux of component j in phase γ, kg m-2 s-1 

 wm�  = mass source rate of component j, kg m-3 s-1 

 j
γJ  = diffusive-dispersive flux of component j for phase γ, kg m-2 s-1 

 k  = intrinsic permeability tensor, m2  
 rk γ  = fluid relative permeability of phase γ 

 Pγ  = pressure of phase γ, Pa 

 gz  = unit gravitational direction vector  

 g = acceleration of gravity, m s-2 
 µγ = kinematic viscosity of phase γ, Pa s 
 τγ = phase tortuosity for phase γ 
 Mγ = molecular weight of phase γ, kg mol-1 

 jDγ  = diffusion coefficient of component j for phase γ, m2 s-1 

 j
γχ  = mole fraction of component j in phase γ 

 a = air component 
 w = water component 
 g = gas phase 
 A  = aqueous phase 
 t = time, s. 
 

2.1.2 Air Mass Conservation Equation 

Similar to the water mass conservation equation, the air mass conservation equation, shown in 
Equation (2.4), equates the time rate of change of the air mass within a control volume with the flux of air 
mass crossing the control volume surface.  In the STORM simulator, air exists in the diffusive pore space 
as a component of the gas phase and is dissolved in the aqueous phase.  Phase partitioning of air mass is 
computed assuming equilibrium conditions:  this assumption implies the time scale for thermodynamic 
equilibrium in geologic media is significantly shorter than that for component transport.  Air transport 
occurs by advection and diffusion dispersion through the aqueous and gas phases.  Flow of fluid phases is 
computed from Darcy’s law.  Transport of phase components is computed from Fick’s law. 
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where 
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2.1.3 Energy Conservation Equation 

The energy conservation equation, shown in Equation (2.7), equates the time rate of change of energy 
within a control volume with the flux of energy crossing the control volume surface.  In the STORM 
simulator, thermal energy is partitioned according to thermal equilibrium conditions among the fluid and 
solid phases.  The thermal capacitance of unconnected pore space, represented by the difference between 
the total and diffusive porosity, is computed as it is filled with liquid water.  Heat transfer occurs by 
advection of phase mass, diffusion of component mass, and thermal diffusion through the fluid and solid 
phases.  Heat transfer by hydraulic dispersion of flowing fluid phases is neglected.  Enhanced vapor 
transport is incorporated through enhancement factors for component diffusion through the gas phase.  
Energy associated with component mass sources is included as internal heat generation sources.  
Reference states for enthalpy and internal energy are component dependent.  Latent heat transport is 
considered through vapor transport using the gas phase and equilibrium thermodynamics. 
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where the Darcy velocity is given by 
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and the diffusive flux by 
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where 

 Tφ  = total porosity 
 jh  = enthalpy of component j, J kg-1 
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 hγ  = enthalpy of phase γ, J kg-1 

 ek  = equivalent thermal conductivity tensor, W m-1 K-1 
 T = temperature, K 
 Q�  = thermal energy source, W 
 µγ = kinematic viscosity of phase γ, Pa s 
 µγ = internal energy of phase γ, J kg-1.  
 

2.2 Solute Transport 

2.2.1 Solute Mass Conservation Equation 

The solute mass conservation equation shown in Equation (2.10) equates the time rate for change of 
solute mass within a control volume with the flux of solute mass crossing the control volume surface.  
The solute mass conservation equation is solved when an Operator Split solution scheme is used.  In the 
STORM simulator, solute mass is partitioned among the fluid and solid phases assuming thermodynamic 
and geochemical equilibrium conditions.  This assumption implies the time scales for thermodynamic and 
geochemical equilibrium are short compared to those for solute transport.  For geologic media, this 
assumption is generally appropriate.  Solute transport occurs by advection and diffusion-dispersion 
through the aqueous phase and gas phase.  Radioactive decay of solutes is computed using first-order 
decay kinetics.  The solute mass conservation equation is given by: 
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where 

 C   = mass of solute per unit volume of porous media, m-3 
 Cγ   = mass of solute per unit volume of either liquid or gas, m-3 

 CDγ  = solute diffusion coefficient for phase γ, m2 s-1 

 hγD  = hydraulic dispersion tensor for phase γ , m2 s-1 

 Cm�   = solute source rate, s-1 

 CR�   = solute decay rate constant, s-1.  
 

2.2.2 Aqueous Species Mass Conservation Equation 

The aqueous species mass conservation equation is written as: 
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 rD i
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s C F S
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∂φ ρ
∂
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A

AA A  (2.11) 

where iCA  is the concentration of species i  in the aqueous phase (denoted by A ) in mol kg-1, iF A  is the 

solute flux of species i  in the aqueous phase, r
iS  is the source/sink term of species i  due to chemical 

reactions in mol m-3 s-1.  The aqueous species mass conservation equation is solved when a Fully Coupled 
solution scheme is used. 

If it is assumed that the phenomenon of hydrodynamic dispersion can be represented by a Fickian-type 
law, the total solute flux due to advection, dispersion, and diffusion is given by 

 ( )( )S
i D i is C s Cφ ρ= − ⋅∇F V DA A A A  (2.12) 

where D is the hydrodynamic dispersion tensor of species i in the aqueous phase, m2 s-1. 

The flow fields resulting from the air, water, and energy conservation equations are coupled with the 
solute mass conservation equations via transient changes in water saturation and average linear pore water 
velocity.  This velocity is related to the Darcy velocity by 
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 (2.13) 

2.2.3 Coupled Aqueous and Gaseous Species Mass Conservation Equation 

The mass conservation law for a particular species can be written as the sum of transport in the gas and 
aqueous phases: 
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where S
iF  is the total flux of species i  in both the gas and aqueous phases. 

The total flux due to advection, dispersion, and diffusion in both the aqueous and gas phases is given 
by 
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where gV  is the pore-gas velocity and g
iD  is the hydrodynamic dispersion tensor for species i  in the gas 

phase.  The coupled aqueous and gaseous species mass conservation equation is solved when a 
Fully Coupled solution scheme is used. 

Assuming equilibrium between the gaseous phase and aqueous phase, the concentration of the 
dissolved gas component in the aqueous phase can be expressed as a linear function of the concentration 
(or mole fraction or partial pressure) of that component in the gaseous phase through Henry’s constant 

 'g g
i H Hi iC K p K C= =A  (2.16) 

where 

 iCA  = aqueous phase concentration of the dissolved gas component 
 gp  = partial pressure of the component in the gas phase 

 g
iC  = gas phase concentration of the component 

 HK  = Henry’s law constants expressed as a function of partial pressure 

 '
HK  = Henry’s law constants expressed as a function of mole fraction. 

 
Substituting Equations (2.15) and (2.16) into (2.14) gives the mass conservation law in terms of the 

aqueous phase concentration of each species: 
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A series of transformations is applied to Equation (2.17) to eliminate terms associated with 
equilibrium chemical reactions.  Each aqueous species is defined as a reactive species, a non-reactive 
species, or an equilibrium species.  Because of the transformations applied, equilibrium species must be 
transported at the same rate as the linearly related reactive species.  A different Henry’s Law constant and 
dispersion coefficient is allowed only for each reactive aqueous species that is in equilibrium with a gas 
species. 

2.3 Geochemical Reactions 

A chemical reaction generally can be written as 

 
1

0
sN

mj m ij i
i

B Aν ν
=

+ =∑  (2.18) 

where 

 mB  = solid m 
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 iA  = aqueous species i  
 ijν  = stoichiometric coefficient of aqueous species i  in reaction j  (negative for reactants, 

positive for products) 
 mjν  = stoichiometric coefficient of solid m  in reaction j  (negative for dissolution, positive for 

precipitation, zero for pure aqueous reaction) 

If the rate of the reaction in unit bulk volume is shown as jW  (in general a nonlinear function of the 

aqueous species concentrations), the rate of aqueous species i  in that reaction is ij jWν .  (This nonlinear 

function is defined in Section 2.3.2.)  The source/sink term due to reactions in Equation (2.14) is then 
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where Nr is the number of reactions. 

2.3.1 Equilibrium and Kinetic Reactions 

Geochemical models usually assume some reactions to be in equilibrium.  This assumption is often 
justified for some reactions, especially those involving only aqueous species.  However, solid 
dissolution/precipitation reactions can be quite slow and should be treated as kinetic.  Furthermore, the 
equilibrium approach cannot capture some metastable solid phases, such as amorphous solids, that in 
many cases are intermediate products of reaction.  For this reason, STORM has been designed to treat 
both equilibrium and kinetic reactions separately.  To this end, the source/sink term is split, due to 
chemical reactions, into equilibrium and kinetic parts. 
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where 

 e
jW  = the rate of equilibrium reaction j  (mol m-3 s-1) 

 k
jW  = the rate of kinetic reaction j  (mol m-3 s-1) 

 eN  = the number of equilibrium reactions 
 kN  = the number of kinetic reactions 
 r e kN N N= + . 
 

Equilibrium reactions are no zero-rate reactions but have high reaction rates and reach equilibrium 
quickly when transport, other reactions, or changes in physical-chemical conditions disturb it.  
Specifically, if the rate of a reaction is much greater than the characteristic time of the problem being 
solved, it should be classified as equilibrium; otherwise it should be classified as kinetic. 
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2.3.2 Rate Law of Kinetic Reactions 

For any kinetic reaction, assuming its rate law is of the mass-action type, two equivalent ways can 
define the reaction rate:  one is to use the forward rate and backward rate; the other is to use the forward 
rate and the equilibrium constant.  In STORM, the latter approach is used.  Thus, 
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where 

 Am(j) = a factor that for aqueous reactions equals 1, and for surface-limited reactions equals  
     the specific surface area of mineral m  in unit bulk volume of porous media, m2 m-3 
 kj   = the rate constant of reaction j, mol m-2 s-1 
 eq

jK   = the equilibrium constant of reaction j 

 γi   = the activity coefficient of species i 
 fj   = the factor of the reaction order.  
 

Several formulas, such as the Davies equation (Davies 1962), the B-dot equation (Helgeson 1969), and 
Pitzer's model (Pitzer 1973), can be used to calculate activity coefficients.  The B-dot equation, with 
modifications for neutral species (Wolery 1992), is computationally economic and stable for problems of 
moderately high salinity.  Although Pitzer's model can handle high ionic strength, the lack of constants 
for all but a few aqueous species limits its applicability.  Thus, the B-dot equation is used to calculate 
activity coefficients in STORM. 

2.3.3 Solid Reactions 

In the subsurface, chemical reactions change not only the concentration of solutes but also the 
properties of the porous media.  Changes in the volume fraction and surface area of solids, porosity and 
permeability result in changes in the fluid flow field, solute transport, and chemical reactions.  
Interactions may take place through several paths and in some cases be very strong.  Ignoring the 
interactions will not only decrease the accuracy of the simulations but, in many cases, also will yield even 
qualitatively incorrect predictions.  To fully account for the interactions between the fluid phases and the 
porous media, it is necessary to consider dynamic changes in the properties of porous media as a result of 
mass redistribution from chemical reactions.  The first step is to introduce variables that describe porous 
media texture. 

STORM uses two primary variables to describe a mineral:  the volume fraction mV  and one or more 
sizes of variables (depending on the shape of the mineral grains).  The volume fractions of minerals and 
the porosity of the porous medium obey the relation 
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From the volume fraction and specific surface area mA  (surface area of mineral m  in unit bulk 
volume of porous media), the number density mn  (number of grains of mineral m  in unit bulk volume of 
porous media) is derived and the size variables are determined when the shape of the grains is specified.  
For spherical grains, the size variable is the radius mR , so that 
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= m
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 (2.23) 

and 

 24
= m
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m
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Rπ

 (2.24) 

By assuming that a dissolution/precipitation reaction is a surface-limited kinetic reaction and 
observing the rate law of Equation (2.21), the change rate of the volume fraction is 

 24m m
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V RR n
t t

π∂ ∂=
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 (2.25) 

For general cases of more than one dissolution/precipitation reaction occurring for one mineral, the 
rate of change of the mineral radius is 
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where mρ is the molar density of mineral m  (mol m-3), and the summation is over all kinetic reactions 
pertaining to mineral m . 

Substituting Equation (2.24) into Equation (2.21) gives  
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which serves as a bridge between the aqueous phase and solid phases so that the whole system is mass 
conservative. 
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2.4 Coupling Between Fluid Flow and Geochemical Reactions 

2.4.1 Porosity Changes Coupled with Multiphase Flow 

Porosity changes due to mineral dissolution and precipitation could have a significant effect on the 
flow regime surrounding the disposal facility.  Therefore, porosity changes calculated by the STORM 
texture solver are coupled with the multiphase flow solver.  Dissolution and precipitation reactions can 
change the volume fractions of solids as a function of time, thus changing the porosity, as described in 
Section 2.3.3.  Furthermore, intrinsic permeability varies as a function of porosity.  Two options for 
modeling this relationship are available in STORM.  One is the Fair and Hatch (1933) formula, developed 
from dimensional considerations and verified experimentally:  
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where 

 k = intrinsic permeability, cm2 
 β = packing factor, found experimentally to be about 5 
 α = sand shape factor, varying from 6.0 for spherical grains to 7.7 for angular ones 
 Pm  = percentage of sand held between adjacent sieves 
 dm  = geometric mean diameter of adjacent sieves.  
 

The second option is the Kozeny-Carmen equation that was obtained from a theoretical derivation of 
Darcy’s law and includes numerical coefficients that must be determined empirically:  
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where 

 MS = specific surface area of the porous matrix (defined per unit volume of solid) 
 C0  = coefficient for which Carman (1937) suggested the value of 1/5. 
 

2.4.2 Water Consumption in Chemical Reactions Coupled with Multiphase Flow 

The consumption/production of water during glass dissolution or the precipitation of hydrated 
minerals may be large enough to affect unsaturated flow in the region of the waste repository.  The 
STORM code couples unsaturated flow with water production/consumption by chemical reactions 
through the mass source rate of water in Equation (2.1). 
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where 

 Nr  = the total number of reactions 
 νwj = the stoichiometric coefficient of water in reaction j 
 k

jW = the rate of reaction per unit bulk volume, given by Equation (2.21) 

 Ω  = the number of moles of solvent water comprising a mass of 1 kg (Ω=55.51). 
 
The water source/sink term due to reactions is added to any other water source/sinks specified in the 
STORM input file. 

2.4.3 Gas Consumption in Chemical Reactions Coupled with Multiphase Flow 

Consumption of gaseous species, particularly oxygen, may occur at large enough rates to affect the 
flow of air in the vadose zone.  The STORM code couples unsaturated flow with gas production/ 
consumption by chemical reactions through the mass source rate of air in Equation (2.4): 
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where 

 Nr   = the total number of reactions 
 νgj  = the stoichiometric coefficient of the gaseous species in reaction j 
 k

jW  = the rate of reaction per unit bulk volume, given by Equation (2.21) 

 Mj  = is the molecular weight of the gaseous species.  
 
The gas source/sink term due to reactions is added to any other gas source/sinks specified in the STORM 
input file. 
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3.0 Numerical Solution Methods  
 

The STORM simulator solves the governing conservation equations and constitutive functions using 
numerical techniques for nonlinear systems.  This section documents the transformation of the governing-
conservation equations from partial-differential form to algebraic form, algebraic expression of boundary 
conditions, linearization of the conservation equations and constitutive functions, and solution of linear 
systems. 

The governing-conservation equations for water, air, and energy conservation are discretized to 
algebraic form following the integrated finite-difference method of Patankar (1980).  This transformation 
requires the physical domain to be spatially discretized into an orthogonal computational domain 
comprising non-overlapping volumes (nodes).  Each volume can contain a maximum of two neighboring 
nodes for each dimensional direction.  Intrinsic properties are assumed to be uniform over the volume 
domain and are defined for a node point at the geometric center of the volume.  Flux quantities are 
defined at the geometric center of the surfaces between node volumes and along a direction parallel to the 
surface normal.  Fluxes across node surfaces between neighboring inactive nodes or adjacent to the 
domain boundary are controlled through boundary conditions.  Solution of the governing-conservation 
equations in time requires discretization of the time domain.  The method of Patankar (1980) is implicit 
using backward Euler time differencing.  The expressions that result from discretizing the governing 
equations are nonlinear algebraic equations. 

The STORM simulator uses a Cartesian grid system.  Coordinate directions for Cartesian systems 
follow the right-hand rule from the x to y to z directions.  Positive and negative directions along the x, y, 
and z coordinates are referred to as east, west, north, south, top, and bottom, respectively.  The 
gravitational vector can be aligned arbitrarily with respect to the Cartesian directions. 

The algebraic equations that include the discretized governing conservation equations and the 
constitutive functions are nonlinear.  Nonlinearities in the soil-moisture retention functions, relative 
permeability functions, and physical properties near phase transitions are the primary contributors.  
Conversion of the algebraic equations from nonlinear to linear form follows the iterative Newton-
Raphson (Kreyszig 1979) technique for multiple variables.  Typically, the technique yields quadratic 
convergence of the residuals given sufficiently close estimates of the primary unknowns.  Each iteration 
loop requires the solution of a system of linear equations in terms of the equation residuals.  Because only 
orthogonal grid systems are considered, the system of linear equations has a block-banded structure. 

The governing conservation equations are discretized following the integrated finite difference of 
Patankar (1980) that is locally and globally conserving.  Mass conservation equations for water and air 
components are nearly identical in form, and therefore result in similar algebraic forms.  The conservation 
equation for energy differs from the mass conservation equations having diffusive-dispersive and 
advective components.  Discretization of combined diffusive and advective transport requires donor-cell 
weighting of the transport components, yielding algebraic forms different than those for the mass 
conservation equations.  The conservation equation for solute transport is similar in form to the energy 
conservation equation, but its discretization uses a different donor-cell weighting scheme, resulting in a 
separate algebraic form. 
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3.1 Water and Air Mass Conservation Equation 

The water and air mass conservation equations shown in Equations (2.1) and (2.4) are discretized by 
assuming a piecewise profile to express the variation in primary variables between node points and 
integrating over the node volume.  The accumulation terms (that is, terms on the left side) are integrated 
over the node volume according to Equation (3.1), where the specific terms for the water and air 
conservation equations appear as shown in Equations (3.2) and (3.3), respectively.  Intrinsic properties for 
the node volume are represented by properties at the node centroid.  Source terms are similarly integrated 
over the node volume according to Equation (3.4). 
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Flux terms are evaluated on the node surfaces and for the mass conservation equations comprise 
advective and diffusive components.  Integration of the flux terms over the node volume proceeds by first 
converting the volumetric integral of flux over a control volume to a surface integral through Green’s 
theorem (Kreyszig 1979) according to Equation (3.5).  Discretizing the control volume surfaces into node 
surfaces and defining flux directions parallel to the surface normal allows the surface integrals to be 
converted to summations over all node surfaces according to Equation (3.6).  This transformation strictly 
requires an orthogonal grid system for the flux directions to be aligned with the surface normals.  
Nonorthogonal systems will yield mass balance errors.  Darcy fluxes are discretized in the six coordinated 
directions using upwind interfacial averaging for the component mass fraction, phase density, and relative 
permeability and harmonic averaging for the intrinsic permeability and phase viscosity according to 
Equation (3.6).  These default interfacial averaging schemes can be altered by user input.  Diffusive 
fluxes are discretized in the six coordinate directions using harmonic averaging for the combination of 
terms that compose an effective diffusion coefficient.  The user can also alter the default interfacial 
averaging scheme for each parameter.  Geometric variables for a Cartesian coordinate system are shown 
in Figure 3.1 for the X-Z coordinate plane and Figure 3.2 for the Y-Z coordinate plane. 
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Figure 3.1.  X-Z Coordinate Plane for Cartesian Systems 
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Figure 3.2.  Y-Z Coordinate Plane for Cartesian Systems 
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Γ∫  = surface integral 
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∑   = summation over aqueous and gas phases 

 
,j w a=

∑   = summation over water and air components 
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where Aς  is the area of surface ς , and where 
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and where h
ς  represents harmonic interfacial averaging at surface ς , uw

ς  represents upwind or donor 

cell interfacial averaging at surface ς , a
ς  represents harmonic interfacial averaging at surface ς , and 

=W,E,S,N,T,Bς
∑ is the summation over all node surfaces (west, east, south, north, top, bottom). 

The mass conservation equations are discretized in time using a fully implicit scheme according to 
Equation (3.7), where the time levels are indicated with superscripts.  The primary unknowns for the mass 
conservation equations are intrinsic properties at node volume centroids (node grid point) for time level 
t +δt . 
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Converting Equation (3.7) to residual form, where 
j

R is the residual for the mass conservation 
equation of component j  yields the expression shown in Equation (3.8):  
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3.2 Energy Conservation Equation 

The energy conservation equation shown in Equation (2.7) is discretized by assuming a piecewise 
profile to express the variation in primary variables between node points and integrating over the node 
volume.  The thermal capacitance terms (that is, terms on the left side) and energy source terms are 
integrated over the node volume according to Equations (3.9) and (3.10), respectively:  
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EdV EV
t t
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where 
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j w a j w a
h m Q dV h m Q V
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Thermal energy is transferred through advection and diffusion.  Spatial discretization of the advective 
and diffusive thermal flux proceeds by first converting the volumetric integral of flux over a control 
volume to a surface integral using Green’s theorem (Kreyszig 1979) according to Equation (3.11).  
Surface integrals are approximated by discretizing the control volume surfaces into node surfaces and 
summing the contributions to heat flux over the node surfaces, according to Equation (3.12). 
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where 
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The diffusive term of Equation (3.12) is computed using a user-defined interfacial average for the 
effective thermal conductivity, where the default form is harmonic averaging, according to 
Equation (3.13).  The advective components of Equation (3.12) are computed using upwind (donor cell) 
averaging, according to Equations (3.14) and (3.15). 
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As with the mass conservation equations, the energy conservation equations are discretized in time 
using a fully implicit scheme, according to Equation (3.16), where the time levels are indicated with 
superscripts.  The primary unknowns for the energy equation are the temperatures at the node centroids 
(node grid points) for time level t + δt.  In residual form, Equation (3.16) appears as shown in  
Equation (3.17). 
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3.3 Solute Conservation Equation 

The solute mass conservation equation, shown in Equation (2.10) is discretized by assuming a 
piecewise profile for the solute concentration between node points and integrating over the node volume.  
The advection and diffusion-dispersion transport terms of the solute mass conservation equation are 
combined following the power-law scheme of Patankar (1980).  Integration of the accumulation, source, 
and decay terms for solute mass over the node volume proceeds according to Equation (3.18). 
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Solute transport fluxes are computed between node points and comprise advective and diffusive-
dispersive components.  Integration of the flux terms proceeds by converting volumetric integrals to 
surface integrals following Green’s theorem (Kreyszig 1979), according to Equation (3.19).  Surface 
integrals are approximated by discretizing the control volume surfaces into node surfaces and summing 
the contributions to solute transport over the node surfaces according to Equation (3.20).  The diffusive-
dispersive term of Equation (3.20) is computed using a user-defined interfacial average where the default 
scheme is harmonic averaging, according to Equation (3.21). 
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where 
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Solution of the solute transport equation depends on the local Peclet number that represents the ratio of 
advective transport to diffusive-dispersive transport, according to Equation (3.22) 
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The power law scheme is based on the solute concentration profile for steady conditions with no 
sources or decay.  For a Peclet number of zero, diffusion-dispersion transport dominates, and a linear 
profile of solute concentration occurs between two spatial points.  For a Peclet number of one, advection 
and diffusion-dispersion equally contribute to solute transport.  The solute concentration profile will be 
skewed toward an upstream solute concentration.  For large Peclet numbers, advection transport 
dominates, and the upstream solute concentration defines the solute concentration profile between two 
spatial points.  The power-law scheme closely approximates the exact solution for steady conditions 
without excessive computational expense.  Solute flux from combined advective and diffusive-dispersive 
transport can be expressed using the power-law scheme according to Equation (3.23). 
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The discretized solute concentration equation can be written in two compact forms.  The first form 
uses the expressions of solute flux according to Equation (3.24).  The second form uses a linear system 
format with coefficients for the solute concentrations according to Equation (3.25). 
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