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Abstract

This report deals with the problem of estimating the unknown activity of a
radioactive source. The estimate is based on the information that the ra-
dioactive source plﬁs the background of the detector have given the count
number n; in a certain time interval, and that the background alone has
given the count number n, in a period of the same length. Further it is
assumed that the activity of the radioactive source is positive or equal to
zZero.

The mean value and the standard deviation of the probability dis-
tribution of the unknown activity are derived from these assumptions, and
tabulations are made and approximative expressions derived for practical

use.
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Introduction

The intention of this report is to discuss the theory of interprétation
of counting experiments. In such experiments the activity of the radioactive
source will be the unknown parameter which has to be estimated on the
basis of the observations.

In the treatment given by Bateman 1) the activity was assumed to be
known, and the variance (standard deviation) of the series of count numbers
from a repeated experiment was calculated. However, the observed count
number from a single experiment does not in fact exhibit any spread, but
the spread is attached to our estimate of the activity which was the primary
source of that count number.

If the problem is to estimate the count number in a subsequent ex-
periment with the same radioactive source, the old treatment can be used,
but only after the activity of the source has been estimated. The result of
this problem is then found by an integration of all possible values of the
still unknown activity.

Theory of the Counting of Radioactive Decays

In order to obtain a general description of the decays in a radioac-
tive source, the decay of one atom in the source may first be considered.
We assume that each atom has a constant decay probability, A (equal for
all atoms in the source). It is defined in such a way that the probability
that the atom decays in a small time interval, dt, is proportional to the
length of dt and independent of how long the atom has existed. The decay
probability, \, is then the proportionality factor. We here assume that at
any time the atom either exists or has decayed, so that there is no definite
time interval during which the atom is decaying.

From this it is possible to give the probability D(\;t) that an atom
with the decay probability A decays in the time t by

t

D(\;t) =[ {l -D(\; T )} AT , (1)
o

1 - D(\; T ) being the probability that the atom does not decay in the inter-
val (O, T ). This equation has the solution

D(A\;t) =1 - &M, (2)



and we see that

lim D(\;t) =1, (3)
t—=>

which means that sooner or later the atom will decay; however, there is
a positive probability, e-)‘t, that the atom has not decayed in the course of
a finite time interval, t, however large t may be.

If a source with N equal atoms - i.e. atoms with the same decay
probability, N\ - is given, the calculation of the probability, G(N, N\, t;n),
that n of the N atoms decay in the time t, is an elementary problem of
mathematical statistics, especially if the decay of one atom is independent
of the decay of the other atoms 2). Except for a few extraordinary cases,
this assumption may be considered correct, and thus G(N,\, t; n) is given
by a binomial distribution

N!

G\, t51) = g (D)™ (L-DO 1) N

(4)
N! -\t 1, At
-e ) (e

- ! (1 N-n
n! (N-n)! ?

)

D(X\;t) being the probability that the individual atom decays in the time t.

Normally, the detectors used for detecting radioactive decays are
not 100 per cent. effective, If the efficiency of such a detector (equal to
the probability that it detects the decay of a single atom) is denoted € £ 1,
the probability, p, of the single atom decaying in the time t and being
detected is given by

p =€ -D(;t), | (5)

and the probability, G(N, p; no), of ng
being detected in the time t is then given by

£ n £ N of the N atoms decaying and

N-n
o)

- N! I
G(N,p;n) = n—oﬂm p (1-p) (6)
Now it is easy to calculate the mean value of the count numbers
observed, which appears when we repeat the experiment with known N
and p. But in practice this problem very seldom occurs, and in the case

of determination of the "strength' of the source it is only N which is un-
known, while p is given by the efficiency of the counter, the decay con-



stant for the atom and the observation time t, and n, is the number of
counts observed, _

If it were experimentally possible to set p = 1, N would be identical
with n,, but this would require counting for an infinite period with a detec-
tor 100 per cent. effective. '

Normally p < 1, and therefore all values of N > n, are possible,
but not equally probable, and the task must be to determine the probability,
H(no, p; N), that the source contained exactly N atoms at the time t = 0 when
ng decays have been observed in the time t. As p is considered a known
constant, it will in the following be stated as an index instead of a variable,

i.e.

H(no, p;N) = Hp (no; N)
and

GNping) = G, (N;n,).

The method of solving this kind of problem is given by, among
others, M. Annis et al. 3), who introduce the a priori probability, here
P(N), that the number of atoms in the source is N independently of the
number of observed counts (i. e. before any observation has been made),
and the probability Q(no) that the number of counts observed is n inde-
pendently of N,

The simultaneous probability, Sp(N, no), 'th:;t the number of atoms
at the time t = 0 is N and that the number of observed decays in the time t
is n, is now given in two ways:

Sp(N.ng) = Qny)- H (n; N)

(7)
= P(N)- Gp(N; n.),
from which. we have
P(N)-G_(N;n )
. = P o
Hp(no, N) Q) . (8)

If the two expressions for Sp(N, no) are summed up over all possible values
of N (i.e. N no), we obtain



o) (9)
= sz P(N)- G, (N;n,),
o

as, in order to be a probability, Hp(no; N) must fulfil the condition

>
Hn;N)=1, 10
N=nO pno ) (10)

If the expression found for Q(no) is inserted in formula (8), we have

P(N):G_(N;n )
HyiN) = — e (11)
‘ > P(N):G_(N;n)
N=n p °

where Gp(N; no) is known (eq. 6). In order to proceed it is necessary to
assume an a priori probability P(N). We know that P(N) = 0 for N € 0; but
sources produced with any number of atoms might be possible, and con-
sequently it is reasonable to assume any value of N»0 equally probable,

Hence
G _(N;n )
. = b o
H (0 ;N) = — (12)
Ngn G,(N;n)
o
n N-n
(p °t-p)  °©
_ (0]
(o0 -n
S (M)p Ot-p) ©
N=n0 o
n +1 N-n
=(p ° (t-p) O (13)

The mean value, E [N] » of this distribution has the direct meaning
that on the basis of the observed count number n the probability distribu-
tion found for the true number of atoms at the tlme t = 0 has E [N] as its
centre of gravity, The mean value is found by



= - 1, (14)

As a measure of the concentration in probability about this mean
value we can use the standard deviation D [N] (often written o (N)), given
by

D’ [N] = E(¥’] - E2[]

2
) (no+ 2)(no+ 1) n0+1 (no+ 1) n0+1
= 5 -3 D + 1 - - 2 5 + 1
p p
n0+1
=2 (1-p). (15)
p
We see that
E[N] » ng

and DN] > o0

for Pp—> 1.

The Concept of Activity

If the half-life of the radioactive isotope (equal to In 2/\) is very
long compared with the obs ervation time, t, then the detection probability

(5)

will be very small, and the number of atoms in the radioactive sample has
to be very large to make observation of a decay in the time t possible. In
order not to operate with such very large and very small quantities, it is



10

convenient to define the activity a of the source by
=N-€ . (1-e ) (16)

for very small values of the product \ * t.
a is still a discrete variable, and the probability, H(n;a), of having
a certain a when n decays have been observed in the time t is given by

eq. (13), a synonymous relation between N and a being given by eq. (16).
Thus we find

’ n+1 N-n
H(nsa = N'p) = (V) - L : {1 91\7} . (17)

In the limit for large N, H(n;a) can be approximated by the use of
the approximations

N-n _
b5~

and we obtain

n c.n+1 o
H(n,a) ~ T - e
n
=8 e-a a . (18)
n! N

a is still a discrete variable, but for its larger values it can be replaced
by a continuous variable, a, in the following way:

The probability, H(n;a)da, of having an activity, a, in the interval
between a and a+da is defined by

a Lat+da & laa
H(n; a)da = > ar © N
ay a
(19)
-a

n
~ a
el g S 1




11

for small da. The number, dN, of values of a between a and a+da is given
by (16) to be

a <a+da N
> 1~ da;
a>a a

hence

n

a -a
H(n;a)da = or ©

da. (20)

The expression for H(n;a) looks like the expression for a Poisson
distribution indicating the probability, G(a;n), of observing n decays when
the activity of the source is a. It should, however, be noted that in the
Poisson distribution n is the variable and a is a known constant, while in
equation (20) n is the known observable and a the unknown activity in the
probability function, H(n;a).

The mean value E [a] of H(n;a) is given by

0 n
E [a] =/ a-ﬁ—!e"ada
o
- (n+1)!
Tnr

=n+1, (21)

By way of comparison it should be mentioned that the mean value, E [n]
of the Poisson distribution

a
G(a; n) = ‘l-_l—!— e
is

E 1]

!
e i,\/]8
=
)
o
1
®

(22)

The difference in the problem manifests itself most explicitly in the

cases of a = 0 and n = 0 expressed in the following way:
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If we know that the activity a = 0, it follows from the Poisson

distribution that the count number is also 0, as

g(0,0) =1
and

g(0,n) =0 (n»1).

On the other hand, if we know that no decay has been observed in
a time interval t, this does not necessarily mean that the activity is 0.
The mean value of the probability function, H(n;a), shows that the mathe-
matical expectation value of the activity a is 1.

It is reasonable to use this mean value (21) as a measure of the
unknown activity, a, when n decays have been observed in a given time t.
The number of decays per time unit is generally used as a measure of
activity (with the unit of 1 curie = 3, 7. 1010 decays per second), and if n
decays have been observed at the time t with a detector of detecting effi-

ciency € , the decay frequency, AO, is given by
A =3ntl. (23)
As € £ 1, 1/t is the smallest observable value of A

As a measure of the concentration in probability about the mean

value, E[a], we may use the standard deviation, D [a], given by

D? [a] = E[a®] - B2 [a], (24)
where
@ n
E [a2] =f a’ 2, e ® da
o

= (n+2)(n+1).

By applying eq. (21) we obtain

D(a] = \n+1. (25)
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For the sake of curiosity it may be mentioned that the maximum
value of the dlstrlbutlon function, H(n a), is reached for

a=n, (26)
since
0 = d a¥ -a
da nT ©
n a -a
= (E - 1) F e

Derivation of H(n;a) from the Poisson Distribution

In the above analysis, H(n;a) (eq. (20)) appeared as a limit func-
tion of the probability function H (n ; N) (eq. (13)) for large values of N
and a constant product pN.

In the same limit the probability function, G (N;n ), of the number
n, of decays observed passes into a Poisson dlstrlbutlon

G(a;n) = a’  -a
a;n) Tor e . (27)

Since the Poisson distribution can be derived more generally than
as a limit function of a binomial distribution 4), it may be of interest to
obtain the probability distribution, H(n;a), direct on the basis of a Poisson
distribution.

The probability of observing n decays in a given time interval is
now given by (27), where a > 01is a known parameter. The problem is to
find the probability, H(n;a)da, of the parameter a lying in the interval
(a,a+da) when n decays have been observed. For this purpose the proba-
bility Q(n) is introduced as the probability of observing n decays independ-
ently of the parameter (the activity) a, and the a priori probability, P(a)da,
that a lies in the interval (a, a+ da) independently of an observation of de-
cays.

The simultaneous probability, S(n,a)da, is now given by

S(n, a)da = P(a)da* G(a;n)

= Q(n)- H(n; a)da. (28)
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By integrating these two expressions over all possible values of a

we find that

Q
/ Q(n)* H(n; a)da = Q(n)
(o]
Q0
=/ P(a): G(a;n)da,
o

which by insertion in (28) gives

H(n;a) = — P(a)' G(a; n)

.

/ P(a): G(a;n)da

(o}

Here again it is assumed that all values of a 2 0 have an a priori
equal probability by which

-a
e

OOn

a -a
/m-e da
o)

n

Be,

H(n;a) =

= -a

e

:Im

This result is given by Rainwater and Wus), who do not state the

method of derivation.

Repetition of Measurement of a Radioactive Source with Constant Activity

If r measurements are made of the same source with constant de-
cay frequency, Ao, over equally long time intervals, t, and with constant
detector efficiency, € , we find that the probability, G(a;nl, ceees nr), of
obtaining a certain set of count numbers (nl, cevey nr) is the product of the
probabilities of the individual count numbers. The activity of the source, a,

during the time t is given by

a=A et (29)
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Here the assumption is made that the individual measurements are independ-
ent of each other, which is reasonable since the decay of the individual atoms
was assumed to be independent of the decay of the other atoms, and we have

nl nr
a -a -
G(a;nl,....,nr)=n_,e ._“.%_ea
1° r°
nl+ ees T N
a r -ra
—nll ° ese °* nr! € ¢ (30)

The probability, H(nl, cees D a)da, of the activity, a, lying in the
interval (a, a+da) can now be derived, still on the assumption that all values
of a >0 are a priori equally possible. '

We find

H(nl, cees D a)da =

n1+...+n

_ (r-a) Y _ra
= (n1+...+nrﬂ e dra, (31)

which is identical with the probability of having an activity r-a in the inter-
val (ra, ra+dra) when nj+... +nr decays have been observed in the time rt,
Equation (31) shows that if a certain time interval, T, has been
given for observation of decays in a radioactive source, no principal advan-
tage is obtained by dividing this interval into r subintervals, since the proba-
bility distribution of the activity depends only on the total number of decays
observed during the total observation time. Therefore it is a moot point
whether the phrase "repetition of the measurement" is correct in this case,
as it is in reality identical with a prolongation of the measuring time. In
practice such a division of the existing time is often used as a means of
estimating from the distribution of the individual count numbers whether the
efficiency of the detector has stayed constant throughout the experiment,
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H(n;a) is Asymptotically Normal

We found above that the distribution function, H(n;a), has the mean
value

Efal =n+ 1

and the standard deviation\

Dfa] = |a+1.

The characteristic function, ¢ (t), of the standardized variable (ref. 2),

g‘ = a-(n+ 1)

ot (32)
n

is given by

42 (ot 1)]

P(t) = E [e Vm

© ita—(n+1)
n
_ Vn+1 a -a
—/ e o e da
o
. . -(n+1)
=e1‘c“n+1 {_ it }
n+1

it -(n+1)
{e\’n+1 (1 - it )}
Vn+1

which for each fixed t we can write as

t

t) = <1 + +
P D) Y T

when choosing n sufficiently large, and for 19] £ 1.
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t2

Forn+1-—> o, ¢ (t) > e —2-, so that the distribution function,
H(n;a), goes towards a normal distribution with the mean value n + 1 and
the standard deviation Vn+1.

The Difference between Two Activities, a; and a

2

An interesting case is the one in which observation of decays in two
radioactive sources has given the count numbers n; and né respectively.
The two probability distributions for the activities a; and a5 are given by

H(nl;al) and H(nz; a2)
respectively,

If the difference, T , between a; and ay is taken as a new statistical
variable, we must consider the probability, H(nl,nz; )T, that L = a
lies in the interval (L, [ +d[).

Here a general theorem (appendix 1) dealing with the semi-invariants
for a sum of two statistical variables may be used, which says that the nth

1739

semi-invariant, y Cn’ for a variable, C , given by
C=x- a; +y- ag
can be written as
_.n n
g =X Xaln +ty Kazn’

n and Uy p are the nlCh semi-invariants for the distribution func-
1 2

tions for a, and a5 respectively; x and y may have any real value,

where Ay

Further, remembering that

‘Kgl =E[L]

and
ng = D2 £gl.

we find
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E[a;-a,] = (+1)E[a1] + (-1)E [a2]

(n1+ 1) - (n2+ 1)

n,-n,, (33)

and

D*[a,-a,] = +1)*D?[a;] + (-1)% D?[a,]

n1+1 + n2+1

n,+n, + 2. (34)

Background Counts

The background of a detector is the number of registrations which,
indistinguishable from registrations of decays in the source, occur without
the source being present in the detector. These incorrect registrations
have many causes, depending on the construction of the detector and the
decays intended for registration. All these causes except contamination of
the detector by radioactive material may in practice be eliminated by ap-
propriate construction. To get rid of short-lived radioactive contamination,
the detector should be kept isolated for a sufficiently long period, and care
should be taken that the placing of the source in the detector does not again
cause contamination with short-lived activities, The task under considera-
tion is, therefore, to determine the activity of a source by means of a de-
tector always provided with some active sources, information of which can
be obtained only by observing the number of registrations caused by them.

Here it is fortunate that the Poisson distribution is additive, which
means that the sum of the qount nurﬁbers ny and n,, both of which have been
found according to a Poisson distribution, is also Poisson distributed.

Thus, if two activities, a and B, are given, they will cause the

count numbers n; and n, with the probabilities

ny

[
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and
2
gBiny) = £ P
9°
respectively.

If only the sum, N = n; + n,, is observed, the probability of obtain-
ing a certain N is given by

N M
G(a,B;N) = > T
n, =

(a+p)” -(a+p) N N & Non
- \a -\a M a
TN € nzo Dt (N-nm)! (a+[3) (E?-—ﬁ)

1

] (Q“I\P')N o-(a+p) (35)

By repeated application of this formula (35) the various activities
causing the background in a detector can be combined to an activity, b
(background activity), which is defined as the fictive activity causing the
background. Now an activity, a, is measured with a counter with the back-
ground activity b, first by observing the count number n; caused by the
sum of the activities, a + b, secondly by observing the count number n

caused by the background activity when the source is not present, To

2

simplify the case it is assumed that the two observation periods are equal-
ly long.

The difference, ny - ny, between the two count numbers observed
is generally used as a measure of the activity a, which, as shown above,
is a correct measure of the difference between two Poisson-distributed
activities. But in so doing we disregard the extra information, in the case
of counting with background, that the difference

(a+b) - b =1a (36)

is positive,

In order that this extra information may be utilized, the probability,
H(nl, n,; a)da, of the activity a lying in the interval (a,a+da) has to be de-
rived on the basis that the count numbers ny and n, have been observed.

The conditional probability, G(a, b; nl), of observing n, when a and
b are given, is found to be
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n K nl-K
G(a,b;n,) = 2.2 b e P (37)
1 K=0 K! lnl—Ki.i

—

M
= (a;fl) e-(a+ b), (38)

and the probability, G(b; n2), of observing n,

%2
b -b
G(b; 1'12) = 1’1_21 e . (39)
The conditional probability of having a in the interval (b, b+ db) when

the numbers of counts observed are ng and n, is denoted

H(nl, n,;a, b)da db. (40)

The unconditional probabilities (a priori probabilities) of having a

in the interval (a, a+da) and b in the interval (b, b+db) are denoted

P(a)da and P(b)db (41)

respectively.
The unconditional probability of observing a count number ng by

measurement of source plus background and a count number n, by meas-

urement of background only is denoted

Q(nl,nz). (42)

The simultaneous probability, S(nl, n,,a, b), of having a in the in-
terval (a,at+da) and b in the interval (b, b+db) while observing n, and n,

can now be written in two ways:
S(nl, n,, a, b)da db = Q(nl, nz)- H(nl, n,;a, b)da db

P(a)da- P(b)db: G(a, b; nl)' G(b; nz). (43)

If these two expressions are integrated over the definition domains

ofaandb(a) 0and b > 0), we obtain

P et

§
a
7
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® o
Q(nlxnz) f [ H(nl: nz;a-: b)da db = Q(n1: nz)
o o
® o
=f f P(a) P(b) G(a, b; nl)- G(b; n2)da db.,  (44)
o o

In order to be a probability distribution, H(n,, n,;a, b)da db must
be normalized. Now it is possible to give an expression for this probability;
we find

P(a) P(b) G(a, b; n,) G(b; n,)
(45)

H(nl,nz;a, b) = TR
/ / P(a) P(b) G(a, b; nl) G(b; nz)da db
o o

Here again it is reasonable to assume a priori that every positive value of

a and b is equally probable, whereby we obtain

G(a,b;n;) G(b;n,)
O

/ / G(a, b; nl) G(b; n2)da db

o o

H(nl, n,;a, b) =

n, n
(a+ b) -(a+b)
n,! € ‘
- o - n n ‘ (46)
2

1
/ @'*‘n“b) e"(a+b). b~ e_b da db

p 2 b
nzl

1 ! nzl.
o "o

Calculating the denominator in (46) by using expression (37) for

G(a, b; nl), we have

Qo (0 0] n

1 &)
/ ] (a+b)' e"(a'*'b) ]:1)1 : e-b da db
n . 2'
(o] (o]

n, -K+ n2

(0 0]
aK -a b 1 -2b db
Xr ¢ da W, -RTa.T ©
T TRy _

! (n; -K+n,)!
n; -K+ ny+1 °
(n1 -K)! n2! 2

(47)

L. B
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Since only the magnitude of a is of general interest, we integrate
H(nl, n,; a, b) over all values of b 2 0, thus obtaining the conditional proba-
bility distribution, H(nl, n,; a), for a based on the observation of the count

numbers ng and ny:

(00}

H(nl,nz;a) =/ H(nl,nz;a, b)db
o
! K (n, -K+n,)!
Z a o2 1 27°
k=0 Kb n -KFn,+1
i} (nl-K)!n2!2
% (ny -K+n,)!
K=0 nl—K+n2+1
(nl-K)!n212
n

1 K ([ -Kéng)! o

a
=KZO K ® Ry 2

. (48)
! (n)-Kny)! o
KZ=0 (ny -KJ! ?

Mean Value and Standard Deviation in the Case with a Background

The mean value, E [a] , of the probability distribution H(nl, n,; a)
is found to be

(0 0]

E[a] =[ a-H(nl,nz;a)da
(o]
ny foo JKHL (n; -K+ny)t 25
KZ=0 , K ° 9 (n; -K):
- n K
Z; (ny-K+n,)! 2
k=0 @K
n K
1 (n, -K+n,)! 2
1 2
> (K+1) ERYT
= K20 17 . (49)
n K
Z1 (nl—K+n2)!2
K=o B -K)
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The expression for E (2] can be calculated on a digital computer
such as DASK, and in table 1 E [a:] is given for values of n; and n, up to
o1, '

It is desirable, however, to make a certain analysis of the expres-
sion and especially to investigate the limit for large values of n, .

1
Simplified, the expression can be written

ny
> (K+1) £(K)

E[2] = Kzfl , (50)
> f(K)

where £(K) > 0, and as the addends in the numerator are multiplied by a
factor (K+1) 2> 1, it is obvious that

E[a] > 1, (51)

where the sign of equality holds only for ny = 0 independently of n,.
To investigate E (a] for large values of n, with constant n, we
substitute r for ny - K in the expression (49), and obtain

(nl+ ny+1)!

nl! 2
+ = , (52)

and for each constant n, it can be found (appendix 2) that

(n1+n2+l)!

n

1
n1!2

—> 0 for n; —> o, (53)
el (r+n2)£

r=0 ri2f

from which the measure generally used for the source strength a is ob-
tained, since then

Ea] = n; - n,. (54)
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The standard deviation, D [a], given by
D2 [a] = E[az_] - E? [a]

is used as a measure of the concentration in probability about the mean
value, E[a], E [a ] being found by means of the expression

(00]

E[a2] =J a2 H(nl,nz;a)da
(]
% f‘” K+ 2 " (ny -K+n,)t 25
= K=0 (o] K: © 2 ( -K)'
; ( K+n2)!2K
K=0 -KJ:
ny (ny -K+n,)1 2%
Z= (K+1)(K+2) R
= . (55)
"l (n,-K#ny)12®
K=0 (nl—K)!

From this, D2[a] is found (appendix 2) to be

(n1+n +1)!

2
1'11.2 1

D2 [a] =n; +n,+ 3 - (nl-nz) C 5
1 (r+n2)

IVI

"1
= T

- n, + n, + 3 for n; —> and constant n,.
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Table 1 also gives values of the relative standard deviation
D[a]/E[a] for n; and n, up to 51,

In the limit n; —> 0itis seen from formula (56) that

lim D2 [a]
nl—> 0

2
n, + 3 - (-n2)° (n2+ 1) - (n2+l)
= 1’
and it has already been shown (formula 50) that

lim E[a] =1,
n;—> 0

which means that the relative standard deviation

—E—IE))EZJ] —> 1 when n; —> 0 (57)

independently of the value of ny.

Approximative Expressions for E[a] and D[a] /E [a]

The mean value E [a] of the probability distribution for the activity a
was given by equation (52):

(nl+n2+ 1!

E [a] =np-ny+ — , (52)

which was the exact expression on the basis of the theory given.

In order to derive a more convenient formula we transform the
denominator (appendix 3) into

1
n 2
1 (r+n,)! n,+1 (n,+n,+1)! n n
<<= 2 2 1
S +=n212 2 j 1n,n, x “(1-x) ' dx, (58)
r=0 r!2 o 1072
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where the integrand
(n1+n2+ 1)! n, n; v
T ¥ (%) 7 =8, g x)

is the Beta-distribution (ref. 2) with the parameters

p=n2+1 and q=n; + 1,

For larger values of p and q this distribution function tends to the
normal distribution (ref. 2),

which can then be used in deriving an approx-
imation, since

1 1
E (2] =n; -ny + —
2 (n1+n2+1).' n, ny
T — X (l-x) " dx
1.
o
2
_ X
1 1 o 2
noon 4 lom (59)
~™ 2 X ~t2 ’
1 e 2z dt
VZTE
-
where
9 (n1+1)(n2+1) 50
a - 2 ( )
(n1+n2+2) (n1+n2+3)
and
1
11 no+
*=7 (§—n1+n2+2)' (61)

The approximation is only of interest when ny and n, are fairly
close to each other, and then

1 n2+1 n1+1
:2 =(1+ n1+T)(1 + n2+T)(nl+n2+ 3)

= (2 + L
( y+ y)(n1+n2+ 3)

~ 4(n; +n,+3), (62)
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where

The error introduced by this approximation is seen to be of second

order in y.

Now the final approximation for the mean value of the activity a
is found to be

E [a] ~ny -n, + "n1+n2+3 * U (x), (63)

where
n, -n
x=— 1 2 (64)
v n1+n2+3
and x2
1 -7
V__ e
_ 2T
U (x) = < t2 . (65)
1 -
e dt
J-oo V2Tt
| | |
T T i
—+ Figure 1
N
N
1o
N
AN
\\
\\
~N
N
05 N
\‘\
\\
\\\
'\\
\-\
-0.5 0 0.5 1 1s X 2
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Figure 1, calculated on the basis of a standard table of the error
function (e. g. ref. 6), shows the value of U(x) for the range -0.5< x <2.0,
The formula for the squared standard deviation,

(n1+n2+ 1)!
n

1
nl.2

1

D2 [a] = n1+n2+3 - (n1 -nz) -
1 (r+n2)!
S —l

r=0 r!2%

(n1+n2+ 1

n

n1!2 1

= n 3 : (66)
1 (r+n2)1

r

r=0 r!2

is found in appendix 2. The introduction of the same approximations as
those used for E [a] will give '

D2 [a] ~ n1+n2+3 - (nl-nz) V n1+n2+3 n(x) - (n1+n2+ 3) %z(x), (67)

and by division by the expression for E (2] we obtain

D [a] ~ Vl—x X(X)-Kz(x) )

(68)
Efa] x+ n(x)

I

T T I I
— Figure 2
- - e = 1o

T~ \\‘
T
\N\ \\\
N ~
0.5 \\"; ~
~Eel
—
-2 -1 0 1 2 X
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Figure 2, together with formula (68), shows the function x'1

(dashed line) since for constant n,

3
D [a nptng+3
T ke e (69
Summary

After an analysis of a set of assumptions which leads to the Poisson
distribution for the observation of radioactive decays, the problem of the
magnitude of the apparent activity of the radioactive source is considered.

It is assumed that the decays in the source in question are observed
by means of a detector that exhibits a certain background count rate.
During equal periods of observation the radioactive source plus the back-
ground are assumed to have given the number of counts n; and the back-

ground alone the number n,. On this basis the probability,
H(n1 s Tg; a)da,

of the unknown activity a, lying in the interval (a, a+da) is derived (formula
48):

n
1 K -a (nl—K+n2)!

) Z a— e 2
=0 ! an-KH

H(nl,nz;a) = e

K

(nl -K+ nz)! K

KZ=o (n; -KJ! ?

It is further shown that no extra information is gained on the

magnitude of the activity by a division of the observation time,

In order to find a representative measure of the activity, the mean

value E [a] and the standard deviation D [a] of the above-mentioned proba-

——

bility function are derived (formulae 52 and 56 respectively):

(n1+n2+1)£
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and

n1!2

! (r+ nz)!

\r=0 r52r

Since these formulae are rather inconvenient even for very small count

numbers, a tabulation of E (2] and D [a] /E [a] is made for n; and n
both up to 51 (table 1).

Approximative expressions are derived, which give the mean value
of the activity

E[a] ~n;-n, + an+n2+3 © n(x),

2:

where
L)
X =
n1+n2+ 3
and
2
X
1 -7
e
\[ T
% (x) = —12 .

The relative standard deviation is found to be approximated by

D [a] Vl-x % (x)- 12 (x)

Efa] ™ X+ K(X)

¥ (x) can be taken from fig. 1 and D [a] /E [a] from fig. 2.
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When n; 3> n, in such a way that x is large, it is found that

Ela] » n; -n,

I and
! D [a] L ) n1+ n2+ 3
Efa] A n; -n,
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Appendix 1

Theorem on Semi-invariants

If a statistical variable, € , is given as a weighed sum of two in-
dependent statistical variables, | and C, by

E=a-m + bl ,
where a and b are real numbers, the nth semi-invariant Xn £ of €& is

- n
‘Kn’g =a 5 + b g

.07

where Kn"fl and ung are the nth semi-invariants of 1 and { respec-
tively.
Proof:

The characteristic function, kPg(t), of the statistical variable §
(ref. 2) is expressed by

PEt) =Py () P ()

since 7 and { were independent variables. A power-series expansion of
the logarithm of the characteristic function yields

20 E 0y o (t5)

1 n!

M=

log P (t) =

B
n

= log Py (t) + log kpg (t)

k k | Ky
i PR L —LE ibt)® + o @b,
n=1 ) n=1 )

Hence

K % kX (a%w, . +bx t) .n N
S 2L i)+ -S k) DL )" + o (1),

n!

The identity of the coefficients to the same power of the variable immediate-
ly yields the theorem.

1~
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Appendix 2

Calculation of Expressions for E [a] and D [a]

The expressién for the mean value of the activity as given by
formula (49),

0y (n,-K+n,)! 2K
2 (&) —py
E [a] = K20 - , (49)
1 (nl-K-i-n )2
>
K=0 (n, -K)!

is transformed by the substitution r = ng -K into

1 (r+n2)! n,-r
(ny+1l-r) —=— 2
=0 1 r!
E[a] = =
1 (r+n2)' n-r
Ig() r! 2
i (r+n2)!
r r
- n1+1 _ I:O r!2
1 (r+n2)!
r=0 ri2f
.('1:1‘1+n2+ 1)!
n
n,!2 1
1
S opthy t g
1 (r+n2)!

In the last step we use the relation

b3
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n
! r(r+n2)! _ 1 (r+ny)(r-1+n,)!
r=0  rt2¥  FE1 (r-1)2t Ll
"1 (r-l1+n,+1)(r-1+n.)!
1 n, r- n2).
-7

r=1  (r-1)127°1

. g (r-1+n,)! %1 (r-1+n,)!
= = (r-1) + (n,+1
2 ) =1 (r-1)128 L 2 ' (r-1)1 271

n, -1 n, -1
1 (r+n,)! 1 7 (r+n,)!
1 Z 2 2
= r + (n,+1) Z
751‘=0 r12F 2 r=0 r1 2%
g (r+n,)! 1 (r+n,)!
1 2 27°
-é- r T + (n2 1) T
r=0 r!2 r=0 r!2
(n1+n2)! (n1+n2)'
- ny (ny+1)
n 2 n
n,!2 1 n,!2 1
1° 1°
! (r+n,)! (g +n,+1)!
= (n2+1) Z = .
— r n
r=0 r!2 1o 1
nl.Z

The preceding calculations are somewhat facilitated by the use of

the abbreviations

(r+n,)!

9)

and

(n1+n2+1)!
n 3
n122 1
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, - Y
E [a] =np-ny + =,

In order to show that

% = —> 0 for n; —=> o and ny constant

we first show that the denominator is non-vanishing, Since the denominator

is a sum of positive elements, it is bigger than e. g. the first of the addends:
n
1 (r+n,)! 0+n,)!
2 S 2 = pt
7 IR A
r 01 2° 2

which is non-vanishing when ny, > 1.

Using Sterling's formula

' -n n
ni~ e +n - {2xn,

we then see that the numerator tends to zero for n; —> o and n, constant,

since
—(nl+n2+1) (nl+n2+l)
(n1+n2+ ! N e (n1+n2+ 1) vZTI: (n1+n2+l)
n -n n n
1 1 1 1
nl!2 e n, VZTrnl 2
n2+1
el
—_— + 1 n,+1
1 n2+l nz“ n, 2 n2+1
= 1+ 1+
nytl 1 ny 1
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for n; = o and n, constant, which concludes the proof.

By substituting r for n; - K we transform the expression

ny (ny -K+n,)t 25
> (K+1)(K+2) ,
27 _ K=0 (n, -K):
E[2%] = = e
Zl (n;-K+n,)! 2
k=0 B -KX
into n,-r
' ! (r+n2)!2 1
> (n1+1—r)(n1+2-r) =
24 _r=0 ‘
E [a- _] = n =T
1 (r+n2)12
r=0 T
n
1 (r+n,)!
2
2 T
= (n+1)(n;+2) - (2n,+3) =0 T
n
1 (r+n2)!
r=0 ri2°
% r2 (r+n2)1
r=0 r12f
+
i (r+n2)!
r=0 r!2Ff
Here we find that
n ‘n
1 (r+n,)! (r+n,)!
2 2 2
> r = > r
r=0 rt2f r=1 (r-l)'2r
n
1 (r-1+n2)1

= (r-1+1)(r-1+n,+1)
r=1 27 (p-1yr2t 1y
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n, 5 (r-1+n ) (r-1+nz)3

n
1
1
=2 (r-1) + +2 -1
2 Zl T (r- 1)!21”‘I "2 )1§1 r )( 1)197-1

r-1)!

1 (r-1+n,)!

+1) >
2t 2 (r-1)1 271

+ (n

2(r+n2)! (r+n,)! 0 (r+n2)!

+(112+2)Z r—= £ + (n +1)Z

r=0 rt2 r! 2F r=0 r!2

r

1
3
5
M
>
2]
+
)
+
M
)
+
=
jo]

]

(ny+2) {(n2+l)X-Y} +(ny+ 1)X- (0, +1)Y
= (n2+ 3) (n2+1)X - (n1+n2+ 3)Y.
The mean value of the squared activity is now found to be

(n2+ 1)X-Y (n2+ 3)(n2+ 1)X-(n1+n2+ 3)Y
X * X

E[a] = (ny+1)(n;+2) - (2n,+3)

2
= (nl-n2) + (n1+n2+ 3) + (nl—nz) < -

The square of the standard deviation is then
2
D%(a] = E[a®] - E%[a]

2
= (nl-nz) + (nl+n2+3) + (nl-

ny)

2

- (a0, + g)

2

= ny+ng+ 3 - (nl-nz) . .}é - (%) .
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As shown above,

%—) 0 for n —> and n, constant,
and thus
2
D" [a] = n;+n,+3

under the same conditions.

Appendix 3

i (n2+r)1 1.7
Summation of > ——0f— (3)
=0 r! 2

The sum occurring in the denominator in the formula for the mean
value and the standard deviation is a little unhandy for direct use when the
observed count numbers ny and n, become larger, In order to find an ap-
proximative expression we convert the series into a function f(nl, Ny, x)
defined by

This function is differentiable with the differential quotient

1 (r+n,)!
3] _ 2 r-1
5% {0,105, %) = T T X

-1
1 (r-1+n,+1)!
2 r-1
= >

- r— X
r-1=0 ( L

f(n1 -1, ny+ 1, x).
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Further, we find that
! (r+n2-i;1)£ r
f(nl,n2+l,x) = 1 X
r=0
1 (r+n,)! o1 ! (r+ny)!
=x —5T —TrX +(n2+1) Z—r—,—
r=0 * r=0 .

1]

X f(nl-l,n2+ 1,x) + (n2+1) f(nl,nz,x)

and
il (r+n2+1)1 r
f(n,,n+1,x) = > X
1°72 - r!
r=0
n
) 1 (r+n2+1)! r (n1+n2+1)! n;
=S L x
r:O . 1'
(n1+n2+1)! n,
=f(n,-1,n,+1,x) + x .,
1 2 nll
A combination of these two equations gives
1 (n1+n2+1)! n,
f(nl—l,n2+1,x) 1% (n2+1) f(nl,nz,x) - nll X
= _0
" 5% f(nl,nz,x).
This is a linear first-order differential equation:
n
3 £ ) n2+l " ) (n1+n2+1)! X 1
—ox 1\ Rgs X) - 7= f(ny,n,, %) = - ' T-x ’

nl.

of the form
dy =
Iz + f(x)y = g(x),

where
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L K]

The solution to such an equation is given by

- [f(x)dx { [f(x)dx
y=e . ]g(x)e dx + C ,

where
X X n2+1
/ f(X)dX =/ - W dx
o o
n2+l
= In(1-x)
and
x /:f(x)dx X (n1+n2+1)! an ny+1
/ g(x)e dx =f - ay ! T (1-x) dx
o o
) (n1+n2+1)! X ny n,
= - — x “(1-x) “dx.
1t
o
By insertion we obtain
(n;+n,+1)! X n n
f(n,,n,, x) = L L 2 X 1(l—x) 2dx+ C
1272 n2+I nll
(1-x) o}

—> C as x5 0,

It is directly seen that

f(n;,ny,x) = >

0 r!

=
1]




and this gives

The solution is thus

41

X
1
1 (n1+ ny+ 1)! n, n,
f(nl,nz,x) = n2+1 - o x (1-x) “dx + n2!
1
(1-x) o
. _1 .
and, taking x = 5 we find
1
! (r+n,)! r n,+1 (ny+n,+1)! 2 q n
270 1. 42 1" 72 : 1 2
Z____(_)_z n,! - x T(l-x) “dx
- r! 2 2 n,!
r=0
o
L 6)
By using the formula
1
1 n n 2 n n 1 n n
f X 1(1—x) zdx =f b'¢ 1(l-x) 2dx+ X 1(l-x) 2dx
o o 1
2
1 L
2 n, n, 2 n, n
= x “(1-x) “dx + x “(l-x) “dx
o o
i} nllnzl
Zn1+n2+15!
we obtain
1
7y (r+n2). 1.r ny+1 (n1+n2+1)! 2 n, n,
Igo _—r!_—('z_) =2 ——n-l,—— x “(1-x) “dx.

2
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Table 1

Table 1 gives the mean values E [a] and the relative standard devia-
tions D [a] /E [a] for

1< n; L5l
and

1<n2< 51.

The table has been calculated on the basié of the exact formulae.
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Table 1
1 n2 = 2 n2 = 3
D[a]/E[a] E[a] D[a]/E[=] E[a] D[a]/E[=]
8.819, - 1.400 9.147,-1 1.333 9.754, ~1
7. 886, -1 1.875 8.40o6 -1 1.727 8.760,,-1
7. 1oum-1 2.429 7. 737m-1 2.188 8. 197w
6.432, -1 3.061 7.124 -1 2.718 7.658,-1
5.851, 4. 3,767 6. %2-1 3.319 71#451
5. 3u9ﬁr1 L.sk1 6. ou9 -1 3,991 6.652,-1
k.915,-1 5.372 5. 585 -1 L.727 6. 19110 -1
L.sks -1 6.250 5. 169 5.521 5.762,-1
4,222 —1 7.164 L, 799m-1 6.366 5. 566 -1
, 9&7 -1 8.106 bob2 - 7.252 5. 006. o1
709 °_1 9.067 L. 18hw-1 8.170 L. 679 -1
3. 5035 it 1.00k, 1 3.931,-1 9.112 L, 387 °1
3, 32um-1 1.103, 1 3. 708 -1 1.007,, 1 b.125; ©1
3.166,-1 1.202, 1 5.515 °1 1. 1050 1 3. 892 °1
3. 028w—1 1. 501 1 3. show-l 1.203, 1 3. 68k ol
2.90k, -1 1. u01 1 3.187,-1 1.50210 1 3.500,; o1
2. 79& -1 1. 500 1 3.051,; Y1 1.bo1, 1 343354 o1
2. 695w-1 1. 6oo 1 2. 929 °1 1. 501 1 3. 188 -1
2.606,-1 1. 700 1 2. 820m-1 1. 600 1 3.057 Y1
2. 52& -1 1. 800 1 2.721,-1 1. 7oo 1 2. 958 -1
2. hh9w-1 1.90010 1 2. 631w-1 1. 80010 1 2.831, -1
2.381,-1 2.000,, 1 2.549, - 1.900,, 1 2. 73hm-1
2. 18m—1 2.1oo 1 2. u7hm-1 2.000,, 1 2.6l45,-1
2.259,-1 2.2oo 1 2.k0o5,-1 2.100 1 2. 56h -1
2.2o5m-1 2.5oom 1 2.341 -1 2. 2oo 1 2. u89 -1
2.154, -1 2.Loo,, 1 2. 282 -1 2. 300 1 2. h21w-1
2. 107 -1 2.500 1 2. 227w-1 2. uoo 1 2.357,-1
2.062. -1 2.6oo 1 2.176,-1 2. 5oo 1 2. 298 -1
2. 0200 -1 2.700 1 2. 128 -1 2. 6oo 1 2. 2h3 -1
1.981,-1 2.800 1 2.082% ol 2. 7oo 1 2.191, -1
1. 9uu 1 2. 9oo 1 2. ouo o1 2. 800 1 2. 1&5 °_1
1. 908 °_1 5.ooom 1 2. ooo -1 2. 900 1 2. 098 -1
1. 875w-1f 3.100,, 1 1 962m-1 3.000 1 2.055 =)
1.843,-1  3.200,, 1 1.926,-1 5.100 1 2. 015u-1
1. 815 -1 3.300,, 1 1. 892 1 3, 2oo 1 1. 976“;1
1. 78h 1 3. koo,, 1 1. 860w-1 3. %oo 1 1.9k0,-1
1. 757 °1 3.500,, 1 1.829,-1 3. uoo 1 1. 906 -1
1.731, -1 3. 600 1 1. eoom—l 3. 500 1 1.87hm—1
1. 705 3. 7oo 1 177241 3. 6oo 1 1.843,-1
1. 681w—1 5.80010 1 1. 7&6 -1 3. 700 1 1.813,-1
1.658,-1 3.900,, 1 1. 720w-1 3. 800 1 1. 785 -1
1.6%6,-1 L. ooo 1 1.696,-1 3. 9oo 1 1. 758 -1
1. 615m-1 L. 1oo10 1 1.672,-1 L. ooo 1 1.732m-1
1.59k -1 k.200, 1 1. 650m-1 L, 1oo10 1 1.70T,
1. 575w—1 L.300,, 1 1.628,-1 k.200, 1 1.68hm-1
1.556,-1  W.soog 1 1. 60’{ -1 u._aoom 1 1.661,-1
1.537, ©1 4.500,, 1 1. 587 °1 L.koo,, 1 1. 6z9m-1
1.519w-1 L.600, 1 1 568 -1 L.500,, 1 1.618,-1
1.502,-1 k.700, 1 5&9 -1 L4.600,, 1 1.597,,-1
1.486,-1 L.800,, 1 1. 531 L.700, 1 1.578,-1
1.k70,-1  L.900,1 1. 51& -1 4.800, 1 1.559,-1

. BN
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n2 = L . n2 = 5 n2 = 6
nl Ela]  pfal/ela]  Ela]  D[al/fe]  Ea]  D[a]/E[e]
1 1.286 9.493, -1 1.250 9.592,-1 1.222 9.66L o1
2 1.621 9.009; 01 1.541 9.192,; hatl 1.478 9.329,; bt
3 2.011 8. 536 -1 1.877 8.792,; ol 1.773 8. 989w'1
L 2.uk61 8.070, ol 2.26h 8.390,, ol 2.110 8.6k2, -1
5  2.975 7.610% ol  2.707 7. 985 -1 2.L96 8.286,-1
6 3.555 1-159, ol 3.209 7. 578 -1 2.933 7.9k, -1
7 L,199 6.720,; ) 3.772 11734 01 3.k25 7+556,5-1
8 L .906 6.299,; -1 L.396 6. 77h -1 3,97k 7. 186w—1
9  5.671 5. 899w-1 5.079 6. 385w-1 L.s581 6.818,~1
10 6.487 5052k, ~1 5.819 6.010,,-1 5.2L46 6. u55 -1
11 7.347 5. 175w-1 6.610 5e 653 -1 5.965 6. 102w-1
12 8.242 b, 85k -1 7.446 5. 317 -1 6.734 5.762,-1
13 9.166 L, 561»’1 8.321 5.003,; it} 7.549 5.438,-1
1k 1.011, 1 L.296 -1 9.226 L, 715 -1 8.LoL 5. 133m-1

15 1.107, 1 L, 056w-1 1.016, 1 L, uu7 -1 9.292 b 8T, -
16 1.205,1  3.84.-1  1.11101  L.20h ol 1.0211 L, 582w'1
17 1.303,1 3. 6&7 -1 1.207, 1 3.983; ol 1 115, 1 L.337,-1
18 1.bo2,1 3. u7u -1 1.305,1 3. 783 -1 1,210, 1 L.113 b
19 1.501, 1 318 -1 1l.bo3 1 3, 603w-1 1.30710 1 3.909, ol
20 1.601, 1 3 178 -1 1.502,, 1 3.439, -1 1.ko5, 1 3.72%w-1
21 1.7000 1 ° 3.051, b 1.601,1  3.292 -1 1.50310 1 3.554,-1
22 1.800,1 2. 936w-1 1.701,1 3. 158 -1 1.602, 1  3.h0o,-1
25 1.900, 1  2.832, -1 1.801,1 3. 037n-1 1.701 1 3.261,-1
2k 2.000,1 2. 737 1.9004 1 2.927,-1 1.80110 1 3.3k -1
25  2.100,1 2. 651 -1 2.000, 1 2. 826w'1 1.901,5 1 3.018,-1
26 2.200,, 1 2.571, 1 2.1005 1 2.73k -1 2.ooo10 1 2.912,-1
27 2.300,1 2. h97w-1 2.200, 1 2. 650m71 2.100, 1 2.815,-1
28 2.k0oy 1 2. h29m-1 2.300, 1 2.572,-1 2.200, 1 2.726,~1
29 2,500, 1 2.366,-1  2.boo, 1 2.500,-1 2.300,0 1 2.6Lk4 -1
30  2.600,,1 2. 308w-1 2.500, 1 2.433,0-1 2,00 1 2.568.-1
31 2.700,, 1 2.253,-1 2.600, 1 2.371,-1 2.500,, 1 2.&98m-1
2 2.800,1 2. 202w-1 2.700, 1 2. 315w-1 2.6oo 1 2.432.-1
35 2.900, 1 2.153,-1 2.80010 1 2.259.-1 2.7oo 1 237141
34 3.000,1  2.108,-1  2.900, 1 2. 208,~1 2.80010 1 2.31bk 1
35 3.100, 1  2.066 -1 3.0000 1 2.160% o1 2.900,0 1  2.261 -1
36 3.200,, 1 2. 025 3.100, 1 2.115,; —1 3.000,, 1 2.211,-1
37 3.300, 1 1. 987 -1 3.200, 1 2.073,; -1 3.100,5 1 2.164 -1
38 3.hool 1 1. 951, o1 3.300,, 1 2.033,; -1 3.200, 1 2.119,-1
39 3.500,, 1 1. 917w-1 3.400, 1 1.9954 o1 3.300,, 1 2.077, ©1
bo  3.600p 1  1.88k ol 3.5005 1 1.959. oL 3.b00, 1 2. 038w-1
b1 3.70051 1. 853 -l 3.600,1 1. 925w-1 3.500, 1 2.000,-1
b2 3.800,1 1. 823 -1 3.700, 1 1.892,-1  3.600, 1  1.96k -1
b3 3,900, 1  1.7950-1 3.80001  1.861-1  3.7000 1 1.9300-1
b L.ooog 1 1. 768 -1 3.900,1  1.831,-1  3.800,1 1. 898 -1
45 h.oog 1 1. 7&2 -1 h.000, 1 1.803,-1  3.900,,1 1. 867w-1

L6 k.200, 1 1.717, et k.100, 1 1. 776 -1 k.000,, 1 1.857,-
7 ko300, 1 1. 693 -1 L, 2oo 1 1.7504 b k.00, 1 1. 809n‘1
L8 h.hoo10 1 1. 670 -1 b, 30010 1 1.725, it} k.200, 1 1.782,-1
b9 L.soog 1 1. 6h8w-1 bloog1  1.70ip1  W.00n 1 1. 75651
50  k.600, 1 1.627.-1 L. 500 1 1.678,-1  L.oog1 1. 751w-1

51 4.700,1  1.606,-1 k. 6oo 1 1. 656 -1 L.500, 1 1.707,-
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n2 = 7 C on2 = 8 n2 = 9
EBla]  Del/E{a]  E{a]  Dlal/Ela]  E(a]  D[al/E[e]
-200 9.718,-1  1.18 9.760,-1  1.167 9.794 -1
429 9.434°1  1.388 9.517,-1  1.354 9.583,-1
690 9.1h3w-1 1.622 9.265,-1 1.566 9.363,-1
987 8.842,-1  1.887 9.003,-1  1.805 9.134 -1
-326 8.551,-1  2.188 8.730,,-1  2.07h 8.893,-1
.710 8.209,-1 2.528 8.4ks -1 2.377 8.6L1,-1
k2 7.878,-1  2.910 8.1k9, -1 2.717 8.376,-1
626 7.540,-1 3,338 7.882,-1 3,099 8.100,-1
165 7.198,-1  3.816 7.528,-1  3.524 7.814 -1
.758 6.855w-1 L.34s 7.208,-1 3,996 7.519,-1
.Lo6 6.514, -1 L.927 6.886,,-1 L.s17 7.218,-1
.107 6.180,-1  5.560 6.564,-1  5.088 6.913, -1
857 5.855,~1  6.246 6.246,-1  5.710 6.608,-1
654 5.5u3m-1 6.980 5.936,,~1 6.381 6.30k, -1
k90 5.246, -1 7.759 5.634.-1  7.100 6.006,,-1
$362 Lk.965, -1 8.579 5.345,-1 7.864 57151
026, 1 b.703, -1 9.435 5.071,,~1 8.669 5.43L -1
119, 1 b.bsg -1 1.032, 1 L.g12, -1 9.511 5.166,,-1
2135 1 w2351 1.2k bosgg 1 1,038, 1 4.910,-1
509, 1 k.025.-1  1.217 1 bo3bz -1 1.129, 1 L.670,,-1
o6y 1 3,835 -1 1.312, 1 h.133.-1 1.221 1 bbbl 1
0k, 1 3.662,-1  1.bog ) 1 3.940,-1  1.3150 1 L.23h -1
60351 3.503,-1  1.506, 1 5:.763-1  1.b111 L.039.-1
(1021 3.358,-1  1.60k 1 3.600,-1 1.508, 1  3.859,-1
801, 1 3.226,-1 1.703, 1 5.4510-1 1.605,1  3.693, -1
901, 1 3.105,-1  1.802, 1 3311 1.70k 01 30540, -1
001, 12,9951 1.901,1  3.189,-1 1.80%,1  3.399,-1
-100, 1 2.895,-1  2.001, 1 5.07h-1  1.902,)1  3.270,-1
200, 1 2.800,-1  2.101,1  2.969,-1 2,001,501  3.151,-1
2300, 1 2.7k -1 2,200, 1 2,872,001 2.101, 1 3.0k2,-1
b0oy, 1 2.63h,01 2,300, 1 2.782,-1  2.201,,1  2.941 -1
500,, 1 2.561,-1 2.koo, 1 2.699,-1 2.300,, 1 2.848,-1
600, 1 2.hg2 -1 20500, 1 2.622,-1  2.boo, 1 2.762,-1
700, 1 2.h28m-1 2.600,, 1 2.551,-1 2.500,, 1 2.6A82, -1
800, 1 2.369,-1 2.700, 1 2.h8hw-1 2.600,, 1 2.608,-1
900, 1 2.313,-1  2.800, 1 2.k22 -1 2.700,, 1 2.539,-1
000, 1 2.261,-1  2.900,) 1 2.36h -1 2.800,, 1 2.4k -1
1100, 1 2.211,-1 3.000, 1 2.309,-1 2.900,, 1 2.hik 1
200, 1 2.165,-1  5.100,) 1 2.258-1 3.0000 1 2.357,-1
500, 1 2.121,-1  3.200, 1 2.210,-1 3.100,5 1 2.30h4 -1
400, 1 2.080,-1  3.300, 1 2.16k-1  3.200, 1 2.253,-1
5001 2.040,-1  3.boo 1 20121001 3.300,, 1 2.206 -1
+600,, 1 2.005,-1  3.500, 1  2.080,-1 5.b00,0 1 2.161.-1
-700, 1 1.968,-1  5.600, 1  2.0k1-1 3.5005 1 2.119,-1
(800, 1 1.93k-1 3,700 1 2.00b,-1 5.600, 1 2.079,-1
900, 1 1.902,-1  5.800, 1  1.969,~1  3.700, 1 2.0ko, -1
000, 1 1.871,-1  3.900, 1 1.936 -1 3.800, 1 2.00k -1
100, 1 1.841,-1  4.000, 1 1.90k,-1 3.900, 1 1.970,-1
200, 1 1.813,-1  L.100, 1 1.873.-1 ko000, 1 1.9%,-1
500, 1 1.786,-1  L.200, 1 1.84k 1 4100, 1 1.905,-1
L uoo10 1 1.760,-1 h.soo10 1 1.816,-1 u.zoo10 1 1.875,41
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n2 = 10 n2 = 11 n2 = 12

Efa] Dla]/E[a]  E[a] Dal/Ela]  E[a] D(a]/E[a]
1.15k 9.821,-1  1.143 9.843,-1  1.133 9.861,-1
1.326 9. 656w-1 1.302 9. 680w-1 1.281 9.716,,-1
1.519 9. uuuw.1 1.479 9+510,5-1 1.4ks 9. 565w-1
1.736 9.242, -1 1.677 9. 351w-1 1.627 9.4o6, -1
1.979 9. 029w-1 1.898 9.1k2 -1 1.829 9.238,-1
2.251 8.805,- 2.1k5 8.942, -1  2.054 9.059 o1
2.556 8. 568w-1 2.420 8.731,-1  2.304 8. 869w-1
2.897 8.320,-1  2.727 8. 508w-1 2.582 8.669,-1
3.278 8. o60w¢1 3.069 8.273, -1 2.890 8. h56w-1
3.700 7.790,-1  3.4L8 8.027,; ol 3.253 8.233, -1
4,167 7.512,; -1 3.868 1T, 01 3,612 7. 998m-1
L.682 7.227,; -1 L.331 7. 506 -1 L.03%0 7+ 75,1
5.244 6. 937 L.839 74235, ©1 L.4g9 Te 502m-1
5.855 6. 6u6w-1 5.394 6. 959 -1 L.991 7.242, -1
6.51k4 6.3555-1  5.995 6. 680w-1 5.539 6. 978 -1
7.220 6. 068 -1 6.643 6.bo1, -1  6.132 6.710, -1
7.970 5 787w-1 7.337 6. 12um-1 6.770 6. hh2m-1
8.761 5. 51h -1 8.07k4 5.852,-1 7.453 6.17h4 -1
9.589 5. 251 -1 8.852 5.586,,-1  8.178 5.910,,-1
1. ous10 5.000 -1 9.668 5. 329xr1 8.94L 5. 652m-1
1.134 1 L, 762 o1 1.052, 1 5 083, -1 9.748 5.401,-1
1.225, 1 L, 538w-1 1. 13910 1 8h7 1.058,, 1 5. 158w-1
1. 31910 1 bkz2r-1 1023001 b, 62uw-1 1. 1&510 1 L.926.-1
1.413, 01 bo131,-1 1.322, 1 L, b1s, - 1.235, 1 L.705,-1
1. 51010 1 3, 9h9m-1 1. h16w 1 L, 218 —1 1.326, 1 L, u96m-1
1.60791  3.780,-1  1.512.1 L o3h ~1 1. 1+1910 1 hk.299 -1
1. 70510 1 3.62k, -1 1. 609 1 3. 865 01 1.51k 1 b.11s,-1
1.80351  3.k80,-1 1. 706 1 3.7054 bR 610 1 3.942 -1
1.902,1 3. 3h8w-1 1. aoh1n 1 3. 558 -1 1. 70810 1 3.78,-1
2.002,, 1 3.226,-1  1.903,1 3. uzamml 1:805,1  3.633,-1
2. 10110 1 3.113, -1 2. 00210 1 5.297,-1 1. 9oh10 1 5.&95w-1
2,201, 1 3.009, ol 2. 101,10 3.181,-1 2,003, 1 3.367,-1
2.300, 1 2. 912w-1 2.20L, 1 3.07h-1 2,102, 1 3,248, -1
2.boo,, 1 2.823,-1  2.301,1 2. 975w-1 2,201 1 3.138, -1
2.500, 1 2. 7&1 -1 2. hoo 1 2.883,-1  2.301,,1  3.036.-1
2. 6oo10 1 2. 66um-1 2. 5oo 1 2.798,-1 2. LL0110 1 2.941.-1
2.700,, 1 2.592,-1 2. 6oo10 1 2. 718 -1 2.500,, 1 2.853,-1
2.80010 1 2.52501 2,700, 1 2.6hkLY° ol 2.600, 1 2.771.-1
2.900,, 1 2.k62, -1 2. 8oo10 1 2. 575w-1 2.700,, 1 2.695,-1
3:000, 1 2.hok1 2,900, 1 2.510,-1 2.800,0 1 2.62k4 -1
3. 100 1 2. 5h8 -l 3.000, 1 2.bbg 2.900, 1 2.557,-1
3. 2oo10 1 2. 296 ool 3.100p 1 239201 3,000, 1 2.h9k. -1
3.300, 1 2. 2h7m-1 3.2000 1 2. 358w'1 3.100, 1 2.L435.-1
3. hoo 1 2.201-1  3.500, 1 2.288,-1  3.200, 1 2.380,-1
3. 500 1 2.157,-1 3. hoo 1 2.2bo,-1 30300, 1 2.328 -1
3. 6oo 1 2. 115w-1 3. soo10 1 21951 3.boog 1 2.278,-1
3. 700 1 2.076,-1  3.60001  2.152,-1 3.500,, 1 2.231 -1
3. 800 1 2. 038 -1 3. 7oo 124111 3,600, 1 2.187,-1
3, 900 1 2. 003m-1 3. 800 1 2.072,-1 53.700,, 1 2.1h5m—1
u.ooo10 1 1.969,-1 3. 9oo 1 2. 05510 3.800,, 1 2.105,-1
4100, 1 1. 956 -1 b, ooo 1 2.000,-1  3.900, 1  2.067,-1
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Dla]/E(a]

9. 876 -1
9ﬂ7
9. 612m-1
9.469,-1
9. 519 -1
9. 158 -1
8. 988 -1
8. 807

8. 61510
8. h12 o1
8. 198 ~1
7. 97h -1
7. 7&0 -1
7. h98 -1
7. 2&9 -1
<9954 o1
<137 -1
u78w-1
.220°-1
96%”—1
.T12 bt ]
ussmll
228 -1
+999,-1
-780,-1
573,51
376,51
1911
.018,-1
-856,,-1
.705w-1
.263
N
3121
+200,,-1
-095,-1
.998,-1
.908,-1
.823, -1
cTH5,-1
.671 -1
.603 -1
.558 ~1
.u77 -1
420,11
<367,-1
3161
.268 -1
22201
1791
.138 ~1
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‘n2

E[a]

1.118
1.247
1.389
1.545
1.717
1.907
2.117
2.348
2.60k
2.887
3.199
3,542
3.920
L.33L
L.787
5.280
5.816
6.394
7.015
7.679
8.383
9.128
9.909
157
.2h5£
33k 1
.u2610 1
520, 1
615, 1
ST11 1
808, 1
-906,, 1
00k, 1
103, 1
202, 1
2301, 1
Lol 1
-501,; 1
.600,, 1
-700,, 1
-800,, 1
900, 1
-000,, 1
-100, 1
+200,, 1
+300,, 1
k00, 1
+500,, 1
.600, 1

LY
-700, 1

o
=3
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Da]/E(a]

9.889,,-1
9:1T3y b1
9.651 -1
95235 b}
9. 388 -1
9.243, -1
9.090,-1
8. 926 -1
8.752,-1
8. 568 -1
8.373 o1
8.168,-1
1.952,-1
7.728,-1
7. h95 -1
7.256,-1
7.0113-1
6.762,-1
6.512 -1

6.261°-1

6.012,-1
5. 766,5-1
5.526,,-1
5.293,-1
5.067,-1
L.851, -1
h.ghl 1
L.bkg -1
b, 263,-1
L 089 -1
3, 926 -1
3. 773 °1
3, 631 -1
3. h98 ~1
3, 260 ol
5.153, ©a
3.053,, Y1
2. 961m-1
2. 87h -1
2. 79uxr1
2.718, -1

2.648°1

2.581 -1
2.519,-1
2,460, -1
2.405, -1
2 . 35510—1
2.303,-1
2.257,-1
2.212,-1

n2

E[a]

1.111
1.233%
1.3%66
1.511
1.671
1.847
2.041
2.254
2.489
2,747
3,032
3.345
3.689
I, 066
L. 478
L.929
5.418
5.948
6.520
7.134
7.789
8.48h
9.219
9.991
1.080, 1
1. 16310 1
1.250, 1
1,339 1
1. hjo 1
1, 523 1
1. 617 1
1. 71310 1
1.810, 1
1.907, 1
2.005, 1
2. 1ou10 1
2.203, 1
2. 30210 1
2.bo1, 1
2. 50110 1
2.601, 1
2. 7oo10 1
2.800,, 1
2. 90010 1
3.000,, 1
3. 1oo10 1
3.200,, 1
3. 30010 1
3 koo, 1
500 1
3. 600 1

15
D{a]/E[a]

9.899,,-1
9 79510_1
9.685,-1
9.570,9 -1
9. hh7 -1
9.317, -1
9. 178 -1
9.030,; bt
8. 872 -1
8. 705»’1
8.527,-1
8.339, Ya
8. 1u1m-1
79331
7 7171)—1
7. u95 -1
7. 262xr1
7.025,-1
6. 785 -1
6. 5&2 -1
6.299,; -1
6.056,; ]
5. 817 -1
5. 582 -1
5353 —1
5.131, ©a
. 917w—1
L, 712,-1
b, 517w—1
L, 3321
b, 158 -1
3.99%3 -1
3. 859w—1
3.695,-1
3. 561 -1
3. h35 -1
3. 318 -1
3.209, 01
3, 1o7m-1
3. 015 -1
2. 92h -1

2.842,-1
2,76k, -1
2. 692»'1
2.624 o1
2. 560 -1
2.500,; v1
2. hhjw—l
2. 389 -1
23394 -1
2.291,; het]
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n2 = 16 ‘n2 = 17 n2 = 18

Ble]  Dal/Ela]  E[a]  D[al/Efa]  E[a]  D[a]/E[a]
1.105 9.909,,-1 1.100 9.917,-1 1.095 9.92b -1
1.220 9.81k4 -1 1.209 9.831,-1 1.198 9.845,-1
1.34s5 9.715,-1 1.327 9.7how-1 1.310 9.762,-1
1.482 9.610,,~1 1.Ls5 9.645,-1 1.431 9.675,-1
1.6%1 9.499. -1 1.595 9.543,-1 1.563 9.582, -1
1.795 9.380,-1  1.748 9.436, -1  1.706 9.Lgh -1
1.974 9.254 -1 1.915 9.321,-1 1.862 9.380,-1
2.171 9.120,-1 2.098 9.199,-1 2.032 9.268,-1
2.387 8.977,~1 2.298 9.068,-1 2.218 9.1k9 1
2.625 8.82L, -1 2.517 8.929,-1 2.421 9.022, -1
2.885 8.662, -1 2.757 8.781,,-1 2.643 8.887,,-1
3,172 8.h9ow¢1 3.020 8.62L, -1 2.885 8.742,-1
3.486 8.308,-1  3.3%08 8.L57,.-1  3.150 8.589,,-1
3.830 8.117,-1  3.623 8.281,-1  3.lLlg 8.k27, -1
L.207 7+917,-1 3.968 8.096,-1 3.757 8.256,-1
L.618 7.708,-1  L.3uL 7.901,-1  kL.102 8.076,-1
5.066 7.&91w-1 L, 754 7+699,-1 L.L478 7.888,-1
5.552 7.267,-1 5.200 7.489,-1 L.886 7.692, -1
6.077 7.039,,-1 5.682 7.273,-1 5.330 7.488,-1
6.643 6.806,-1 6.203 7.051,-1 5.809 7.278,,-1
7.250 6.570,-1  6.76L 6.825.-1  6.326 7.062,-1
7.897 6.33k -1 7.364 6.596,~1 6.881 6.843, -1
8.584 6.098,-1  8.00k - 6.366,-1  7.476 6.620, -1
9.310 5.86k ~1 8.683 6.136,-1 8.109 6.396,-1
1.007,, 1 5.634, -1 9.400 5.907,,-1 8.781 6.171,-1
1.087,, 1 5.409,-1 1.015, 1 5.682, -1 9.490 5.948,-1
1.170,, 1 5.190,-1 1.094, 1 5'“61w‘1 1.02u10 1 57271
1.255, 1 4.979,-1 1.176, 1 5.2L45 -1 1.101, 1 5510,-1
1.343 1 4.776,-1 1.261, 1 5.037,,-1 1.183, 1 5.298,-1
1.h3hy 1 hosge1 1.3k 1 4.836,-1  1.266, 1  5.092,-1
1.526 1 L.397,-1  1.438 1 hoBhs-1 1.353.1  L.893 -1
1.620, 1 L.223 -1 1.529,, 1 b.bsg -1 1.bb2, 1 L.701,-1
1.7154 1 4.058,-1 1.623, 1 h.285w-1 1.533, 1 k.s19,-1
1.811, 1 3.903,-1 1.7174 1 k.120,-1 1.625, 1 bbb -1
1.908, 1 37551 1.813, 1 3.96uw-1 1.720, 1 “-179mr1
2.006,, 1 3.621, -1 1.910, 1 5.817,-1 1.8154 1 k.022,-1
2.10k 51 3,49k 1 2.007,, 1 5.680,-1  1.9111  3.875,-1
2.203, 1 343751 2.105, 1 5551,-1 2.008, 1 3. 736,51
2.502, 1 5.264,-1 2,20k 1 3,430, 1 2.106,, 1 3.606,-1
2.b02, 1 3.160,-1  2.303, 1 531771 2,205, 1 3.484 1
2.501, 1 3.063,-1  2.ho2, 1 5.212,-1  2.303, 1 3.369,-1
2.601, 1 2.973,-1 2.501, 1 3.113, -1 2.l+0210 1 3.262, -1
2.701,, 1 2.888,-1 2.601, .1 5.021,-1 2.502, 1 3.162,-1
2.800, 1 2.809,-1 2.701, 1 2.934, -1 2.601, 1 3.068,-1
2.900,, 1 2.735,~1"  2.801, 1 2.853,-1 2.701, 1 2.979,,-1
3.000,; 1 2.665,-1 2.900, 1 2.778,-1 2.801, 1 2.897,,-1
3.100,, 1 2.600,~1 3.000,, 1 2.706,-1 2.900,, 1 2.819,-1
3.200,; 1 2.538,-1 3.100,, 1 2.639,-1 3.000,, 1 2.747,-1
3.300,, 1 2.k8o, -1 3.200,, 1 2.576,~1 3.100,, 1 2.678,-1
3.500,, 1 2.h25.0 3,300, 1 2.51T71  3.2000 1 2.61k -1
3500 1 2.373-1 300, 1 2.460,-1 330001 2.553,-1
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n2 =

E[a]

.087
.181
.281
+390
.507
.635
172

.260

20
Dla]/E[a]

9.936,-1
9.869,,-1
9.799,-1
9 . 72 510—1
9.6u7w-1
9. 56 510"1
9. ,47710—1
9.383,-1
9. 28510—1
9 . 1 7710—1
9.063,5-1
8.9k1-1
8.812,-1
8.675-1
8. 52910%

2 o90110"'1
2 . 82 510-'1

2.754,-1

E[a]

.083
173
.269
372
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21

Da]/E[a]

9. 9&110-1
9.879,-1
9.81k4 -1
9.7h6w-1
9.67hw-1
9.598,-1
9.517,,-1
9.h51w—1
9.339,5~1
9.2u1w-1
9 .1 5710-1
9.025,,-1
8.906,,-1
8.780,,-1
8.645,,-1
8.503,,-1
8 . 5 5310-1
8.19um-1
8.028, -1
7.854,-1
7.673,-1
7.&85w-1
7.291,-1
7.092,-1
6.889, -1
6.682, -1
6.47h -1
6.26hm-1
6.054, -1
5.846,-1
5.640,,-1
5 d h5710‘1
5.239,,-1
5.ou6m-1
L.860,-1
L.680, -1
u.soew—l
u.3h5w—1
u.185w—1
h.036w-1
3.895,,~1
3.762,-1
3.636,-1
3.517,-1
3.405,-1
5.301,-1
3.202,-1
34109,5-1
3.022,-1
2.9h0w-1
2.863,-1

I B
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n = 22 S on2 = 23 n2 = 24
n1 Bla]  o[al/Ela]  E[a]  Dpfal/E(a]  Ea]  Dlal/E[a]
1 1.080 9.9h5m-1 1.077 9.9h9m-1 1.07k4 9.952,-1
2 1.166 9.888,-1 1.159 9.896,-1 1.153% 9.903,,-1
3 1.257 9.828 -1 1.247 9.8uom-1 1.237 9.851,-1
L 1.356 9.765,-1 1.341 9.782,-1 1.327 9.797,5-1
5 1.462 9.698,-1 1.442 9.720,-1 1.424 97391
6 1.576 9.628, -1 1.550 9.655,-1 1.527 9.679,-1
7 1.699 9.553,-1 1.667 9.586,,-1 1.638 9.615,-1
8 1.831 9.h7hw-1 1.792 9.512, -1 1.756 954751
9  1.974 9.389,-1  1.927 9.u3h -1 1.884 9.7k -1
10 2.129 9.299,-1 2.073 9.351,-1 2.022 9.397,~1
11 2.296 9.203, -1 2.2%0 9.262, -1 2.170 9.315,~1
12 2.478 9.100,-1 2.4oo 9.167,,-1 2.329 9.227 -1
13 2.67k4 8.990,-1 2.584 9.066, -1 2.502 9.134 -1
1k 2.887 8.87h4 -1 2.783 8.958,-1 2.688 9.034, -1
15 3,119 8.750,,-1 2.998 8.8k, -1 2.889 8.928 -1
16 3.369 8.618-1  3.231 8.722,~1 ~ 3.106 8.816, -1
17 3.641 8.479,-1 3.484 8.593,,-1 3,342 8.696,-1
18 3.937 8.352w-1 3.757 8.&56w-1 3.596 8.569m-1
19 L, 256 8.177,-1 L.osk 8.312, -1 3.871 8.436, -1
20 L.603 8.015,-1 L.374 8.161,-1 L.168 8.29k4, -1
21 L.978 7.845,-1 4,721 8.002,-1 L . Lgo 8.146, -1
22 5.38 7.668,-1  5.095 7.8%6,-1  L4.837 7.990,-1
23 5.818 7.485,-1 5.499 7.663,~1 5.211 7.828,-1
24 6.288 7.295,-1 5.934 7.u8hm-1 5.614 7.659,~1
25 6.791 7.101,-1 6.401 7.299,-1 6.047 7.h8hw-1
26 7.3%0 6.902, -1 6.902 7.109,-1 6.512 7.303,,~1
27 7.90kL 6.701,-1 7.436 6.915m—1 7.010 7.117,-1
28 8.51k4 6.&96m—1 8.007 6.718w-1 7.542 6.927,-1
29  9.160 6.291, -1  8.612 6.518,-1  8.108 6.73b,-1
30 9.8k2 6.085,~1 9.253 6.316,~1 8.708 6.538,-1
31 1.056,, 1 5.881,-1 9.928 6.115,-1 9.3LL 6'5h1(F1
32 1.131.1 5.678,-1 1.064 1 5.91k4 -1 1.001, 1 6.143, -1
33 1.209, 1 5.479,-1 1.138, 1 5.71h, -1 1.072, 1 5.9k45,-1
3L 1.290,, 1 5.283,-1 . 1.215. 1 5.518,-1 1.145, 1 5.749,-1
35 1.373, 1 5.093,,-1 1.296, 1 5.325,-1 1.222, 1 5¢555,-1
36 1.k60, 1 k.908, -1 1.379, 1 5.137,,-1 1.302, 1 5¢365,5-1
37 1.548, 1 u.729w-1 1.bék, 1 L.953, -1 1.384 1 5.179,-1
%8 1.638, 1 Lb.557,,-1 1.552, 1 L. 776,471 1.k69,01 ¢ k.997,-1
%9 1.730,, 1 u.393m-1 1.6k2, 1 4.605,-1 1.556, 1 b.821,-1
Lo 1.824 1 u.256w-1 1.733, 1 h.uhlm-l 1.645. 1 L.651,-1
L1 1.918, 1 k.086,-1 1.826, 1 4.285,-1 1.736, 1 L.hgg -1
Lo 2.01k, 1 3.9u5m-1 1.921, 1 h.ljsw—l 1.829, 1 “'551w‘1
L3 2.111, 1 3.810,~1 2.016, 1 3.993,-1 1.923, 1 h.182m-1
bho 2,208 1 3 684 -1 2.112, 1 5:858,-1  2.018 1  4.039,-1
b5 2.306, 1 3.56L,-1 2.209,0 1 3.730,-1 2.1k 1 3,904 -1
Le 2.&0510 1 3.h51 -1 2.307,, 1 3.609,,-1 2.211, 1 3. 776,41
b7 2.503, 1 3.3h5.1 2.bos, 1 34961 2.308 1 3.654,,-1
L8 2.603, 1 3.2L5, -1 2.50k, 1 3.388,~1 2.406,; 1 3.539,5-1
Lo 2.702, 1 3.151, -1 2,603, 1 3.287,-1 2.505, 1 3.431, -1
50 2.801, 1 3.063, ~1 2.702, 1 5.192, -1 2.603, 1 3.328 -1
51 2.901,, 1 2.979,,-1 2.802, 1 3.102,-1 2.703,, 1 3.232, -1
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2 = 25 "n2 =26 n2 = 27
nl E[a] D[a]/E[a] E[a] D[a]/E[a] E[a] D[a]/E[a]
1 1.071 9.955,,-1 1.069 9.958,-1 1.067 9.961,-1
2 1.147 9.909,,-1 1.1k2 9.915,-1 1.137 9.920, -1
3 1.228 9.861,-1 1.220 9.870,,-1 1.212 9.878,-1
Lo 10315 - 9.810,-1  1.30% 9.82,-1  1.292 9.833, -1
5  1.bo7 9.757¢-1  1.391 9.7T3¢-1  1.377 9.787,-1
6 1.505 9.700,,~1 1.485 9.720,-1 1.467 9.738,-1
7 1.611 9.641, -1 1.586 9.66k. 1 1.563 9.686,-1
8 1.724 9.578,-1 1.694 9.606,-1 1.666 9.631, -1
9 1.845 9.510,-1  1.809 9.543, -1 1.775 9.573,~1
10 1.975 9.439 -1 1.932 9.b77.71 1.893 9.511, -1
11 2.115 9.363,~1 2.06k4 79.ho6m-1 2.018 9.uu5w-1
12 2.265 9.281,-1 2.207 9.331,-1 2.15% 943754-1
13 2.ko7 9.195,~1 2.359 9.250,-1 2.297 9.300,,-1
14 2.602 9.103,-1 2.524 9.165,-1 2.452 9.221, -1
15 2.790 9.005,,~1 2.700 9.07k4, -1 2.618 9.137,,-1
16 2.993 8.900,-1  2.891 8.977,1  2.797 9.0L7,-1
17 3.213 8.790,,-1 3.096 8.87k, -1 2.990 8.951,-1
18 3,450 8.672,-1 3.317 8.765,,-1 3.197 €.850,,-1
19 3,706 8.547,,-1 3.556 8.649,-1 3,420 8.742, -1
20 3.982 8.hk16, -1 3.814 8.527,-1 3.661 8.628, -1
21 L.,281 8.277,,~1 L.091 8.398,,-1 3.920 8.508,-1
22 L.603 8.132,-1 L.391 8.262 -1 L.198 8.381,-1
2% L.950 7.980,,~1 L.713 8.119, -1 L. kg9 8.2k7 -1
2L 5.324 7.820,-1 5.061 7.969,,-1 L, 822 8.107,-1
25 5.726 7+655,-1 5.435 7.813,-1 5.170 7.960,-1
26 6.158 7.483, -1 5.836 7.651,5-1 5.543 7.807,-1
27 6.621 7+306,~1 6.267 7.u83m-1 5.944 7.6u8m—1
28 7.116 7.125,-1 6.728 7.310,,-1 6.37h 7.u83m-1
29 7.645 6.939,~1 7.221 7.132 -1 6.833 73131
30 8.207 6.7u9m-1 7.746 6.9u9m-1 7.32L 7.138,-1
31 8.803 6.557,-1 8.305 6.76k4, 1 7.846 6.959,,-1
32 9.43k 6.363, -1 8.897 6.575,,~1 8.ko2 6.777,4-1
33> 1.010,1  6.169,~1  9.523 6.385,-1  8.990 6.592, -1
3 1.080, 1 5.975,-1 1.018,1  6.194 -1 9.611 6.406, -1
35 1.153, 1 5.782, -1 1.087, 1 6.00%, -1 1.027, 1 6.218 -1
36 1.229, 1 5.591,-1 1.160, 1 5.813,,-1 1.095, 1 6.030,-1
37 1.308, 1 5.403, -1 1.235, 1 5.625,-1 1.167, 1 5.843,-1
38 1.389,1  5.219,-1  1.31L 1 5.439,-1  1.2k2 1 5.657,-1
39 1.h7h 1 5.039,,-1 1.395, 1 5:257,,-1 1.320, 1 5.7k, -1
Lo 1.560,, 1 L.865,-1 1.478, 1 5.079,1 1.koo, 1 5.29k -1
Ui 1.6&910 1 u.696w-1 1.56&10 1 u.9o6w-1 1.h8310 1 5.118,-1
L2 1.739, 1 k.533,-1 1.653, 1 b.738,-1 1.569, 1 L.9k6, -1
b5 1.8310 1 L.377.-1 0 1.7h3 1 4.576,-1  1.656, 1  L.779,-1
Ll 1.925, 1 L.227,-1 1.834, 1 h.h21m—1 - 1.746, 1 L.618,-1
Lg 2.020,, 1 4.085,-1 1.927, 1 u.271m_1 1.837, 1 b.L63, -1
b6 2,115, 1 3.949.-1  2.022, 1 4.128, -1 1.930, 1 b.31h -1
L7 2.212, 1 3.820,-1 2.117, 1 3.992, -1 2.02h10 1 boi71,-1
b8 2.30901  3.697,-1  2.213. 1 5.863,-1  2.119,1  L.034 -1
49 2.bo7 1 3.582.-1 2.310, 1 3.740,-1  2.215,1  3.905,-1
50 2.505, 1 3.u7zm-1 2.&0810 1 5.623, -1 2,211, 1 5.781,,-1
51 2.60k, 1 3.369,,-1 2.506, 1 3.513,-1 2.ho9, 1 3.66k, -1
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28
D{a]/E[a]

9.963,-1
9.925,-1
9.885,,-1
9.8k, -1
9.800,-1
9.754,,-1
9.705,-1
9.65hw-1
9.600,-1
9.542, -1
9.481, -1
9.&15m-1
9.346,~1
9.272, -1
9.194. -1
9.110, -1
9.021,-1
8.927,-1
8-82710-1
8.720,,-1
8.608,-1
8.489, -1
8.36k, -1
8.233m-1
8.095,-1
7 ’95110_1
7.801,-1
7.6u5m_1
7.483, -1
7.316,5-1
7.1u5w-1
6.969,-1
6.790,5-1
6.609,,-1
6.425 -1
6.241, -1
6.056,,-1
5.871,-1
5.688,-1
5+507,,~1
5¢329,~1
5015541
.98k -1
u.819w-1
L.658,~1
h.5ouw-1
L. 35510—1
k212, -1
u.o76w-1
3 '9h510~1

5 . 821w—1

52

E[a]

1.062
1.129
1.198
1.272
1.351
1.434
1.522
1.616
1.716
1 '825
1.9%6
2.058
2.187
2.326
2474
2.634
2.80L
2.987
3,183
3.394
3.621
3,86l
L.126
L.Lo7
L. 709
5.03k
5.382
5.755
6.155
6.582
7.038
7.525
8.0k4k2
80 591
9.172
9.785
03 1
JA1101
181, 1
2554 1
2332, 1
.hllw 1
L9301
578, 1
.66&10 1
+153, 1
B3 1
+9354 1
.028, 1

10

1221

218, 1

NN N S P e 1 s s

n2

29
Dla]/E[=]

9.965,,-1
9.929,-1
9.892, -1
9.853,-1
9.812,-1
9.769,-1
9.723,-1
9.675,5-1
9.62uw-1
9.570,,~1
9.513,~1
9.h52m-1
9.387,-1
9.319,-1
9.2h5w-1
9.168,-1
9.085,-1
8 . 99 7w-1
8.9oun_1
8.805m-1
8'7°°xr1
8.589,-1
8.k72 -1

10

8.349,-1

8‘220m'1
8.08k, -1
7.9h5m-1
7 . 79510_1
7. 6&210-1
T+ l*8510”*l
7.319,-1
7.1 5110-1
6.978, -1

10

6 . &)510-1

6.62L -1
6.l 01
6 .26210—1
6.080,-1
5.898,-1
5.718,-1
553951
5.363,-1
5.190,-1
5.02110-1
L, 85710—1
Ll' .69710-1
h.5h3m-1
b '395'”-1
u.252n-1

'4-.11610-1

3.985,-1

n2

Efa]

1.061
1.125
1.192
1.26k4
1.339
1.419
1.504
1.594
1.690
1.792
1.900
2.016
2.139
2.270
2.k11
2.561
2.722
2.895
500&)
3.278
3,491
3.719
3,964
4,227
L.509
L.812
5.137
5.485
5.858
6.257
6.684
7.139
7.62%
8.138
8.68%
9.261
9.870
1.051, 1
1.118, 1
1.189, 1
1.262, 1

0

1.338, 1

1.'-!-1710 1
1.98, 1

1.582, 1
1.668, 1
1,756, 1
1.846, 1
2.05010 1
2.12k 1

30
Da]/E(a]

9 . 96 710—1
9.933, -1
9.898,-1
9 . 86110"1
9.823 -1
9.782,-1
9.739,-1
960k, -1
9.646,-1
9. 59610-1
9. 51+2w—1
9.586 -1
9.k2 510-1
9.361,-1
9 . 29310-1
9. 22010-1
9.1h3m-1
9 .O61w—1
8.974 -1
8.882,-1
8. 78k -1
8.681, -1
8.571 -1
8.&56w—1
8 . 53 510"1
8. 20710—1
8.07l+w-1
7.935,-1
7.790,5-1
7.629,-1
7.483,-1
7.1 5610-1
6. 98710-1
6. 812410—1
6.639, -1

6.462-1

6.283, -1
6.103,-1
5.92k -1
5.7h6w—1
5.569,,~1
5+395,~1
5.224, -1
5:057,,-1
L.gok -1
L . 73 Sw_l
L.582 -1
h.uauw-l
L.291 -1

L 15k 1

0



o
[

O O30 FUWNR

NERPPPRPRPRPREPREROOVOONII00ONUINEEEEFWWNWW RN NN NN R R e e s
L] ) . . . L] L] . . L] . L] L] . . L] L] . .

n2 =

E[a]

-059
.121
.186
255
328
Los
.L87
<573
.665
. 763
.866
977
094
.219
+353
495
6L7
.810
985
171
<371
-585
.815
.062
.326
.609
913
.238
.587
<960
.358

237

31
Dla]/E[a]

9. 969 -l
9. 937

9. 9oh -1
g. 869 -1
9. 833w-1
9. 794, -1
9. 75h -1
9.712,; ©a
9. 667 -1
.620 o1
.569 —1
.516 ~1
L6001
400 -1

10
336 -1
268,01
1196,0-1
.120°-1
9.039,-1
8.952,-1
8.861, -1
8.765.

8. 662m-1
8.5k
8.54101
8. 521 -1
8.196,-1
8.06k, -1
7.927,-1
7784 -1
7.636,-1
7. h83 ’1
1+3254 -1
7.162,-1
6.996, -1
6.826, -1
6.655 -1

6. u79 -1
6.302,-1

6.126,-1

5. 9“9 -1
5 T34 o]
5599, -1
5 26" oL
5257, -1
5. 091

L, 929 -1
L, Ty -1
L, 619 -1
In u71w;1
L, 329,,-1

\O\O\O\O\O\O\O\O\O

53

n =
E[a]

1.057
1.117
1.181
1.247
1.318
1.392
1.471
1.554
1.642
1.7%6
1.835
1.940
2.052
2.171
2.298
2.3
2.578
2.732
2.897
3.073
3.261
3,463
3.679
3.910
L.158
L. Lo3
L.708
5.012
5.338
5.687
6.060
6.458
6.882
7.334
7.815
8.325
8.865
9.436
1.00k, 1
1.067, 1
1.133, 1
1. 20510 1
1.275, 1
1. 55010 1
1.k2g, 1
1. 508 1
1. 59110 1
1.676, 1
1 763 1
852 1
91#310 1

32
D{a]/E[a]

9711
9ho o1
+909, -1
-8760-1
L2 -1
8060-1
768 -1
728 -1
.68610-1
61
59b -1
5uum¢1
9.h91 -1
9. 376 1
9. 312 -1
9. 2&5 o1
9. 173m-1
9.098,-1
9.017; -1
8. 952«r1

8.8k2, -1
8. TH6; -1
8. 6&51

8.538,,-

8. u26m-1
8.308,-1
8. 185 ’_1
8.055,, -1
7. 920

7. 780 1
.53um-1
L83,.-1
327, -1
.16Z

.00k, -1
.857,-1
.567 -1
495 ot
3211
.1&7 -1
59739 o1
5. 799w-1
5.627, -1
5. “56Kr1
5.289,,-1
5.12k, -1
L.963 -1
L, 807 °1
L, 655 -1
L, 508 -1

\O\O\O\O\O\O\O\O\O\O\O\O

AR e R s b

n2

E[a]

1.056
1.114
1.175
1.24o
1.308
1.380
1.456
1.536
1.621
1.711
1.806
1.906
2.01k
2.127
2.248
2.377
2.514
2.660
2.816
2.983
3,161
3.351
3.554
3.771
L.ook
4,253
L.520
L.805
5.110

- 5.436

5.785
6.158
6.555
6.979
7.430
7909
8.417
8.955
9.522
1.012, 1
1. 075
1.6
1.210,
1.282,
1. 356
1. u5u
1. 51&
1. 596
1.680,
1.767, 1
1.855, 1

0

k{h‘k‘k‘k‘k‘k‘k‘k‘

33
Da]/E[a]

6.339,-1
6.168, -1
5.996,,-1
5.8k -1
5.65hn-1
5.485,-1
5.319,,-1
5.156,5~1
L.996, -1

10

L.689, -1

0
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n2

Efa]

1.054
1.111
1.170
1.233
1.299
1.%69
1.Lh42
1.519
1.601
1.687
1.778
1.875
1.977
2.086
2.202
2.32k
2.k4s5
2.59k4
2.741
2.899
3,067
3,247
3.L39
3,643
3,862
L.096
L.3k7
L.61k
L.901
5.206
5.533
5.882
6.255
6.652
7.075
7.524
8.001
8.507
9.043
9.608
1.020, 1
1. 083 1
1.148 1
1.217
1.288) 1
1. 56210 1
1. 5194 1
1. 600 1
1. 68510
1. Tl 1

3l
D[a]/E[a]

9.97k, -1
9. 9h6 ~1
9. 918 -1
9. 889w-1
9. 858 -1
9. 826 o1
9792, 1
9. 756 ~1
9.719, o1
9. 6800—1
9.638,-1
9.59k -1
9. 5h7 -1
9. h98 -1
9. uhs -1
9.390, bl
9.331 -1
9. 268 1
9.202 -1
9. 131m-1
9.056,~1
8. 97710—1
8. 89h —1
8. 805 -1
8.711, -1
8. 613m-1
8.509,,-1
8.399,,-1
8.28k -1

8.16U -1

10
8.0%8, -1
7.907,-1
7.771, -1
7. 629
.h85 -1
«332 -1
A7 ©1
.019 —1
.857 -1
.692 ~1
£525, ©1
35T, ©1
.187 -1
018 -1
5. eus -1
5e 680 -1
5513, -1
5. 3“9 -1
5. 187 -1
5.028 -1

b.874 -1

0\0\0\0\0\0\\1-\]\1\1
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- n2

E[a]

1.053
1.108
1.166
1.227
1.290
1.358
1.429
1.50%
1.582
1.665
1.753
1.845
1.944
2.048
2.158
2.275
2.%99
2.532
2.672
2.822
2.981
3,151
3.%332
3.525

3,732

3.952
L.188
L. 439
L.708
L.995
5.301
5.629
5.978
6.350
6.747
7.169
7.617
8.093
8.597
9.130
9.692
1.028, 1
1.091, 1
1.156, 1
1. 22& 1
1. 29510 1
1.368, 1
1. husw
1 52k, 1
605
68910 1

35
1al/E(a]

9 97 510-1
9. 9“9m-1
9.922, -1
9. 89h -1
9. 865 -1
9. 835 -1
9. 803 -1
9. 769 -1
9. 73hxr1
9. 696 -1
9. 657m-1
9.616 -1
9 5724 —1
525m-1
9. h76 -1
9. uzum-1
9.368,-1
9.310,-1
9. 2&7 -1
9. 181 -1
9.111 —1
9. 037m-1
8 8761
8. 788,,-1
8. 695 -1
8. 597w-1
8. u95
8. 387 —1

- 8. 273 -1

8. 15“xF1
8.030,-1
7.901, Y1
7. 767 -1
7. 627 -1
7. h83 -1
7. 335w-1
7.182,-1
7.026,-1
6.866,-1
6.70k4,-1
6. 5&0 -1
6. 373w-1
6.206,-1
6.039,; ©1
5. 871 -1
5. 705w-1
5. 5ho -1
5377 o1
5 217 -1
5 059w-1

E[a]

1.051
1.105
1.161
1.220
1.282
1.348
1,416
1.488
1.564
1.6L44
1.729
1.818
1.912
2.012
2.117
2.229
2.348
2.b74
2.608
2.750
2.901

3 . 062
3,234
3,416
3,611
3,819

L .okl
L.278
L.530

L. 800
5.088
5.395
5.723
6.072
6,444
6.841
7.262
7.709
8.183
8.685
9.216
9.775

1 036,, 1
1 16310 1
1.231,1
1. 301 1
1. 37510
1. hso 1
1. 52910 1
1. 610 1

36
D{a]/E[a]

9.976,-1
9. 952 01
9. 926 -1
-899,,-1
.872 -1
.8h3 -1
.815 -1
.781 -1
.7&7 -1
LT12, ©3
.675 -1
.636,-1
.59& -1
551, it
.Eou 01
Juss 1
L0511
.348-1
+290,-1
2281
162, -1
.092 o1
9.019,-1
8. 9&1 o1
8. 859 -1
8. 772 1
8.680 -1
8.583, -1
8.4g1, -1
8.37h, -1
8.262,-1
8. 1u5w-1
8.023,-1
7. 895 ~1
7. 763 -1
7. 625m-1
483, -1
337,51
.187 -1
033, ©1
0875 '1
.715 o1
<553, )
.389 -1
2225, Y1
<059, Y1
5. 89h -1
5729 o1
5. 566 -1
S.hOSw-l
5.246,-1

\O\O\O\O‘O\O\O\O\O\O\O\O\O\O\O\O\O\O\O

A e e e b
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37 n2 = 38 n2 = 39
Del/Ela]  E[e] Dlal/Ele]  E[a] D{a]/E[=]
9.977,1  1.049 9.978,-1  1.048 9.979,,-1
9.954,-1  1.100 9.956,-1  1.097 9.958,-1
9.930,~1  1.153 9.933,-1  1.1k9 9.936,-1
9.90k, -1 1.209 9.909,~1  1.20k4 9.913,-1
9.878,-1  1.267 9.884,-1  1.261 9.889,-1
9.850,-1  1.329 9.858,-1  1.320 9.86L, -1
9.822,-1  1.393 9.830,-1  1.382 9.838,-1
9.792,-1  1.k61 9.802,-1  1.L48 9.811,-1
9.760,-1  1.5%2 9.772,-1  1.517 9.782,-1
9.727,~1  1.606 9.7h0, -1 1.589 9.752,-1
9.691,-1  1.685 9.707,1  1.665 9.721,-1
9.654, -1 1.767 9.672,-1 1.4k 9.688,,-1
9.615,-1  1.855 9.635,-1  1.829 9.653,-1
9.5k -1 1.947 9.596,,-1  1.917 9.616,-1
9.530,-1  2.0Lk 9.555,=1  2.010 9.57T~1
9.hgh -1 2.147 9.511,-1 2.109 9.536,-1
9.u35m_1 2.255 9.&65m;1 2.213 9.&93Kr1
9.383,,-1  2.370 9.416,-1  2.323 9.4L7 -1
9.329,~1  2.Lk92 9.365,-1  2.kbo 9.398,-1
9.270,-1  2.621 9.310,-1  2.563 9.346, -1
9.209,-1  2.758 9.252,-1  2.693 9.292 ~1
9.1L3. -1 2.903 9.191, -1  2.832 9.23k4, -1
9.074,-1  3.058 9.126,-1  2.979 9.173,,-1
9.001,-1  3.222 9.05T,~1  3.135 9.108,-1
8.924, -1 3.396 8.9k -1 3.300 9.0k0,-1
8.8k2, -1  3.582 8.908, -1  3.476 8.968, -1
8.756,-1  3.780 8.826,-1 3.664 8.892, -1
8.665,-1  3.991 8.741, -1 3.863 8.811,~1
8.569,,-1  L.215 8.651,,-1  L.o75 8.727,~1
8.469,-1  L.Lsk 8.556,-1  L4.301 8.637,-1
8.363,-1  L.709 8.456,-1  L.5k1 8.543, -1
8.252, -1 L.981 8.352, -1 L.797 8.kks 1
8.136,-1  5.270 8.2k2, -1 5.070 8.341,-1
8.016,-1 5.579 8.128,-1 5.360 8.233,-1
7.890,-1  5.907 8.009,-1  5.669 8.120,-1
T.759,,-1 6.257 7.884, -1 5.998 8.002, -1
7.623, -1 6.629 7+755,-1 6.348 7.879,,-1
7.483,-1  7.024 7.622, -1 6.719 747521
7.339,,-1 YR 7.u8hw-1 7.114 7.620,-1
7.191,,-1  7.889 7.341,0-1  7.5%3 7.8k -1
7.039,~1  8.360 7.195.,-1  7.977 70343, -1
6.88hm-1 8.859 7.045, -1 8.4L7 7.199,,-1
6.726,-1 9.385 6.89%,-1 8.94L 7.052,-1
6.566,-1  9.940 6.737,-1  9.L68 6.901,-1
6.bos -1 1.052, 1 6.579,-1 002, 1 6.74T,-1
6.2b2,-1  1.113.1  6.h20 -1 <060, 1 6.591,-1
6.079-1  1.178 1  6.259,-1 2101 6.3k -1

. 131401 5,936, -1 1 6.116,1
5.591 -1 %.38710 1 5.775,-1 32101 5.956,-1

1
1
1
5.915,-1 1.24k4 1 6.098 -1 1.185, 1 6.275,,-1
1
1
62, 1 54615,-1 1.393, 1 5:797,0~1
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n2 = ko 2= W n2 = L2

E(a] D[a]/E[a] E(a] D(a]/E[e] E[a] D[a]/E[a]
1.047 9.980,,-1 1.045 9.981,-1 1.0LL 9.982, -1
1.099 9. 960 -1 1.093 9. 962 ol 1.091 9. 963 -1
1.146 9. 939 1 1.1b2 9. 9&1 °1 1.139 9. 9hh =l
1.199 9.917,; ©a 1.194 9.920,; 01 1.189 9. 92& 1
1.254 9. 891; 01 1.248 9. 899 -1 1.242 9. 903
1.312 9. 870m-1 1.304 9. 876 -1 1.297 9.881 -1
1.372 9.846,~1 1.363 9.852,; 01 1.354 9. 859 -1
1.436 9.820 o1 1.b25 9. 828 -1 1414 9. 835 -1
1.503 9.793 ’_1 1.489 9. 802" o1 1.476 9. 811w-1
1.572 9.76& -1 1.557 9. 775w-1 1.542 9.785,,-1
1.646 9.,3h -1 1.628 9. 7h7,-1 1.611 9.758,-1
1.723 9. (05,0-1 1.702 9. 71710-1 1.683 9.7%0,4 Y1
1.804 9.670,~ 1.781 9.685,-1 1.759 9. 7oom;1
1.889 9.655 -1 1.867 9. 652 -1 1.838 9.668,~1
1.979 9.598 -1 1.949 9. 617 -1 1.921 9. 635m-1
2.074 9.559 °_1 2.041 9. 5810 -1 2.009 9.601,-1
2.174 9.518 -1 2.1%37 9. 5&2 -1 2.102 9.56k 1
2.279 9.&75 o1 2.238 9.501, ©a 2.199 9. 525w—1
2.391 9.&29 -1 2.345 9. u57 -1 2.302 9.Lgh, -1
2.509 9'580w'1 2.458 9. 412] -1 2.410 9.4l -1
2.633 9.329,-1 2.577 9. 565 -1 2.52k 9. 595 1
2.765 9.275, w1 2.703 9.312 -1 2.6uU5 9. 3”7u71
2.905 9.217, ot 2.837 9. 258 -1 2.772 9.296,-1
3,054 9. 156 -1 2.978 9.201 -1 2.907 9. 2u2Kfa
3.211 9.092,; ©a 3,128 9. 1ho° ol 3.050 9.185,-1
3.378 9. O2hm—1 3,287 9.076,, ¥4 3.201 9.12k4 -1
3.556 8. 952,,-1 3,455 9.009,, -1 3,362 9. o61w;1
3,704 8.877, Y1 363k 8. 957 3.531 8.99k,,-1
3,945 8.79T ©a 3,82k 8. 862w-1 3,712 8.923, -1
L4.158 8. 713m-1 L.026 8.783, -1 3.903 8. 8h8w-1
4,385 8.62k, -1 L.2k1 8. 6991 L.,106 8.769,,~
L.627 8.531,,-1 L 469 8.612, -1 L.322 8. 686w¢1
L. 88k 8.433,-1  L.711 8.519,-1  4.552 859951
5.157 8.331,-1 L.969 8.h23, -1 4,795 8. 508 -1
5.4L8 8.22k -1 5.24L4 8.321; ©a 5.054 8. ulz o1
5.758 8.112,-1 5.535 8.215,; bt 5.329 8. Blzm—l
6.087 7. 996 °1 5.846 8.105,; ©a 5.622 8.207,-1
6.437 7. 87u -1 6.175 Te 990 = 5.932 8. 098 -1
6.809 7. 7u9 6.525 7. 870 -1 6.262 7. 98b °1
7.203 7. 618 -1 6.897 7. 7&6 -1 6.612 7. 865 -1
7.622 7. gl o1 7.291 7. 617w-1 6.984 7. 7&5 -1
8.065 7. 3&5 -1 7.709 7.484 -1 7.378 7. 615xr1
8.53% 7.203, -1 8.151 7. 5&7 -1 7.795 748k -1
9.029 7. 057 -1 8.618 7. 2o7w-1 8.23%6 7. 3h9w—1
9.551 6.909,; ©1 9.112 7+063,-1 8.702 7.211,-1
1.010,, 1 6.757, ©a 9.63%2 6. 916 -1 9.195 7. 069w-1
1.068, 1 6. 6o3m-1 1.018, 1 6. 767 -1 9.713 6.923, -1
1.128 1 6.4L8, -1 1. 07610 1 6. 615 1.026, 1 6.776,-1
1.192, 1 6.291,-1 1.136, 1 6. h61w-1 1.083, 1 6. 626w-1
1.258 1 .6.133,-1 1.199, 1 6.306,,-1 1.14301 6.4k -1
1.52710 597551 1. 26510 6.150,5 bt 1.206,, 1 6.321,-1
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n2 =
Efa]

.0l3
.089
.136
.185
.2%6
.290
.3k5
.Lo3
L6k
.528
<995

.81k

.162
.261
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b3
Da]/E(a]

9.983,,-1
9.965,,~1
9.9L46, -1
9.927,-1
9.907,,-1
9.887,-1
9.865,-1
9.843,-1
9.819,-1
97951
9.769,-1
9.742, -1
9.713,,-1
9.684, -1
9.652,-1
9.619,-1
9.584,-1

9.548,-1

9.509,,-1
9.k68,-1
9.k25,-1
9.379,5~1
9.331,-1
9.280,-1
9.226,-1
9.169,,-1
9.109,,-1
9.046,-1
8.979,0~1
8.909,,-1
8.834, -1
8.756,,~1
8.67h4 -1
8.588,,-1
8.497,-1
8.402,-1
8.303,,-1
8.199,,-1
8.091,-1
7.978,-1
7.861,-1
7. 740,-1
7.614 -1
7 . L"8510"1
7 . 55110—1
7.21k4, -1
7.07um-1
6.930,,-1
6.785,,-1
6.636, -1

6.186,-1
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n2

E[a]

1.0b43
1.087
1.133
1.181
1.231
1.283%
1.337
1.394
1.453
1.515
1.579
1.647
1.718
1.792
1.870
1.952
2.038
2.128
2.22%
2.323%
2.428
2.539
2.655
2.779
2.909
3,047
3,192
3,346
7.509
3,682
3,865
L.059
L.265
L. L83
b,714
I.960
5.221
5.L98
5.791
6.103
6434
6.784
T.155
7.548
7.96L
8.4ol
8.868
9.357
9.872
1.ol+110 1
1.098, 1

Ll

Dla]/E[a]

9.983,-1
9.966,,-1
9.948, -1
9.930,-1
9.911,-1
9.891,-1
9.871,,-1
9.849,-1
9.827,-1
9.803,-1
9. 77910-1
975351
9.726,-1
9.698, -1
9.668,-1
9 . 6 3 710_1
9.60k, -1
9.569,,-1
9.532,-1
9.k93,-1
9.452, -1
9.409,-1
9.36k, -1
9.%16,-1
9.265,-1
9.211, -1
9.15uw_1
9.095,-1
9.032, -1
8.965,,-1
8.895,,-1
8.821, -1
8. 7hk -1
8.662, -1
8.576,-1
8.487,,-1
8.393,~1
8.29k4, -1

8.191°-1

8.084,-1
7.975-1
7.857-1
T-T3T-1
7.61% -1
748551
7 '55310_1
7.218,-1
7 ’07910—1
6 '93710—1
67931
6.6h7m-1

n2

Efa]

.ok2
.085
.130
177
.226
276
.329
.38k
RV
.502
.565
631
.699
171
846
.925
.008
.095
.187
.283
.38k
koo
.602
. 720
845
977
.116
.263
L1418
.582
.756
.9ko
.136
342
.562
.79k
L0l1
«303
.580
875
.187
.518
.868
7.239
7.632
8.048
8.Lkgs
8.949
9.437
9.950
1.049, 1
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Dla]/E[a]

9.984 -1
9.967,,-1
9.950,,-1
9.9%3,,-1
9.915,,-1
9.896,,-1
9.876,,-1
9 . 85 510—1
9.834,-1
9.812,-1
9.788,-1
9. 76k, -1
9.738,-1
9.711,-1
9.68%,-1
9 . 6 5510—1
621, -1
.588,,-1
554, -1
517,51
L78,-1
L37,-1
'39hm'1
.349,,-1
3011
.250,,~1
9.197,,-1
9.1k0, -1
9.081,-1
9.018,-1

OOV VOOV OVO\O

’ 8095210".1.

8.882,-1
80 80910"1
8.732,,-1
8.651,,-1
8.566,,-1
8.476, -1
8.383,-1
8.286,-1
8.184, -1
8.078,-1
7.967,-1
7.853,-1
7 . 73“’10—1
7.612, -1
7.485,-1
74355571
7.221,-1
7.084,-1
6.9uk, -1
6.801,-1
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L6 n2 = L7 n2 = L8
D[a]/E[a] E[a] D[a]/E[a] E[a] D[a]/E[a]
9.985,-1 1.0 9.985,-1  1.0%9 9.986,-1
9.969,,~1 1.082 9.970,,-1 1.080 9.971,,-1
9.952, -1 1.125 9.954. -1 1.122 9.956,,-1
9.936,,-1 1.169 9.938,-1 1.166 9.940, -1
9.918,-1 1.216 9.921,-1 1.211 9.924 -1
9.900,-1 1.26k 9.90k, -1 1.259 9.907,,-1
9'88110"1 1 0315 9.88610"'1 1.308 90890 -1
9.861,-1 1.367 9.867,-1 1.359 9.872,-1
9.841, -1 1.422 9.8h7w-1 1.412 9.853, -1
9.819,-1  1.478 9.87,-1  1.Lk67 9.834, -1
9.7975-1 1.538 9.805,~1 1.525 9.813, -1
9. 77k -1 1.600 9.785,-1 1.585 9.792,-1
9.7u9m_1 1.664 9.760,,~1 1.648 9.769,-1
9.723,-1 1.732 9.735,,-1 1.71k 9. 746,-1
9.696,-1 1.803 9.709,,-1 1.782 9.721,-1
9.668,~1 1.877 9.682, -1 1.854 9.696,,-1
9.638,-1 1.954 9.654 -1 1.929 9.669,-1
9.607,-1 2.035 9.62k, -1 2.007 9.6L0, -1
9.57k, -1 2.120 9.593,,~1 2.090 9.610,,-1
9.539,,~1 2.210 9.560,,-1 2.176 9.579,,-1
9.502, -1 2.30% 9.525,-1 2.266 9.546,,-1
9.h6k, -1 2.402 9.k88, -1 2.3%61 9.511,-1
9.k23, -1 2.505 9.Lkg -1 2.460 9. L7k -1
9.380,,~1 2.61k4 9.409, -1 2.565 9.436, -1
9.33k4. ~1 2.728 9.366,-1 2.675 9¢395,,~1
9.286,-1 2.849 9.320,-1 2.791 9.352,-1
9.236,-1 2.976 9.272,-1 2.913 9.307,-1
9.182,-1 3,110 9.222, -1 3.041 9.259,,-1
9.126,~1 3.252 9.169,,-1 3.177 9.209,-1
9.067,,-1 3,401 9.113,-1 3,319 9.156,,-1
9.00k, -1 3.559 9.05k, -1 3,470 9.100,-1
8.939,,-1  3.726 8.991,-1  3.629 9.041, -1
8.869,-1 3,903 8.926,-1 3.797 8.979,,-1
80 79610—1 L“ 0089 80 85710"1 3-975 8.91’4'10-1
8.720,-1  Lk.287 8.785,-1  L4.163 8.845, -1
8.639,-1 L. 496 8.708,-1 L,361 8. 773,51
8.555,,-1 L.718 8.629, -1 L.572 8.697,,-1
8.h67,-1 L.952 85451 L, 79k 8.618,-1
8.37h, -1 5.201 8.457,-1 5.0%0 8.535,~1
8.278,-1 5.6k 8.365,1  5.279 8.04L8 -1
8.17751  5.743 8.270,-1 5.5k 8.35T5-1
8.072,-1 6.039 8.170,-1 5.82% 8.262, -1
7.962,-1 6.352 8.066,-1 6.120 8.163,-1
7.849,-1  6.683 7.958,-1  6.433 8.060,-1
7.732,-t  7.034 T.845,-1  6.765 749531
7.610,-1 7.405 7.729,,-1 7.116 7.842,-1
7.485,~1 7.797 7.609,~1 7.487 T.727,5-1
7.356,5-1 8.212 7.485,-1 7.879 7.608,-1
7.224 1 8.649 7+358,-1 8.292 7.486,-1
7.089,-1 9.110 7.227,-1 8.729 7+360,-1
6.950,,-1 9.595 7.093,,-1 9.189 7.230,-1
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n2 = L9 n2 = 50 n2 = 51

E[a] D[a]/E[a] E[a] D[a]/E[=] E[2] D[a]/E[a]
1.038 9.986,,-1 1.038 9.987,,-1 1.037 9.987,,-1
1.078 9.972,-1 1.077 9.973,,1 1.075 9.974,5-1
1.120 9.958-1  1.117 9.959,~1  1.115 9.961,-1
1.163 9.943, -1 1.159 9.945 -1  1.156 994,01
1.207 9.927,-1  1.203 9.920,-1  1.199 9.932,-1
1.253 9.911,-1  1.248 9.91k, -1 1.2L3 9.917,-1
1.301 9.89k,-1  1.295 9.898 -1  1.289 9.902, -1
1.351 9.877-1  1.3LL 9.882, -1  1.336 9.886,-1
1.Lo3 9.859,-1  1.39%4 9.86k,-1  1.386 9.869,-1
1.457 9.840,-1 1.4k7 9.846, -1 1.437 9.852,-1
1.513 9.81,-1  1.502 9.88 -1  1.ka1 9.834, -1
1.572 9.800,~1 1.559 9.808,-1 1.546 9.815,-1
1.6%3 97791 1.618 9.787,,-1 1.604 9.796,-1
1.697 9.756,,-1 1.680 9.766,,~1 1.664 9.775,~1
1.763 9.733,,-1 1.745 9. Thh, -1 1.727 9.75%,,~1
1.833 9.708,-1 1.812 9.720,,-1 1.79% 9.731,,-1
1.905 9.683,-1 1.883 9.696,,~-1 1.861 9.708,-1
1.981 9.655,-1 1.956 9.670,,-1 1.9%2 9.683,-1
2.061 9.627,-1 2.033 9.643, -1 2.007 9.657,-1
2.1kk4 9.597,-1 2.11% 9.61k, -1 2.085 9.630,,-1
2.231 9.566,-1  2.198 9.58k,-1  2.166 9.602, -1
2.%22 9.53%,,~1 2.286 9.553,,-1 2.251 9.572,,-1
2.418 9.498, -1 2.378 9.520,,-1 2.341 9.540,-1
2.519 9.k61,-1 2.475 9.485,-1 2.43kL 9.507,,~1
2.625 9.k22, -1 2.577 9.4Lg -1 2.532 9.472 -1
2.7%6 9.382, -1 2.684 9.409,-1 2.635 9.k35, -1
2.853 9.339,71  2.796 9.369,-1  2.743 939751
2.976 9.293, -1 2.91k 9.326,-1 2.856 9.356,,-1
3,106 9.2k6, -1 3.039 9.281,-1 2.976 9.313, -1
3,242 9.196,-1 3.170 9.233, -1 3,101 9.268 -1
3.386 9.1&310-1 3.307 9.183,-1 3,233 9.221, -1
3.538 9.087,-1  3.L52 9.130,-1  3.372 9.171,-1
3.698 9.028 -1 3.606 9.075,~1 3.518 9.118 -1
3,868 8.967,,-1 3.767 9.016,-1 3.673 9.063,,-1
L.ok6 8.902, -1 3.9%8 8.955,,~1 3.835 9.00k, -1
L.236 8.85&10-1 L,118 8.890,,-1 L.007 8.943, -1
L. L35 8.762,-1 L.308 8.822, -1 L,188 8.879,,-1
L.6u7 8.687,,-1 L.509 8.751,,-1 L.379 8.811, -1
L.870 8.608,-1  L.721 8.676,-1  L.s581 8. T41,-1
5.107 8.525,,-1 L.ok6 8.598,,-1 4.795 8.666,-1
5.357 8.439,-1 5.183 8.516,-1 5.020 8.589,,-1
5.622 8.349,-1  5.L35 8.430,-1  5.259 8.507,,-1
5.903 8.255,-1 5.700 8.341, -1 5.511 8.422, -1
6.199 8.157,-1 5.981 8.247, -1 5.777 8.333, -1
6.513 8.054, -1 6.279 8.150,,-1 6.059 8.2k1, -1
6.845 7.948,-1  6.593 8.749,-1  6.357 8.1Lk -1
7.196 7.838,~1 6.925 7. 9&&10-1 6.672 a.ouu10-1
7.567 7+725,5-1 7.276 7.835,,-1 7.00L 7.940,-1
7.959 7.607,,-1 7.647 7.722,~1 7.355 7.8%2,-1
8.372 7.486,-1  8.039 7.606,-1  7.726 7.720,-1
8.808 7.361,-1 8.451 7.486,-1 8.117 7.605,-1
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